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Abstract—Matching logic is a logic for specifying and reasoning
about structure by means of patterns and pattern matching. This
paper makes two contributions. First, it proposes a sound and
complete proof system for matching logic in its full generality.
Previously, sound and complete deduction for matching logic
was known only for particular theories providing equality and
membership. Second, it proposes matching u-logic, an extension
of matching logic with a least fixpoint u-binder. It is shown that
matching u-logic captures as special instances many important
logics in mathematics and computer science, including first-order
logic with least fixpoints, modal yu-logic as well as dynamic
logic and various temporal logics such as infinite/finite-trace
linear temporal logic and computation tree logic, and notably
reachability logic, the underlying logic of the K framework for
programming language semantics and formal analysis. Matching
p-logic therefore serves as a unifying foundation for specifying
and reasoning about fixpoints and induction, programming
languages and program specification and verification.

I. MoTIvATION

Matching logic [[1]] (shortened as ML) is a first-order logic
(FOL) variant for specifying and reasoning about structure by
means of patterns and pattern matching. In the practice of
program verification, ML is used to specify static properties
of programs in reachability logic [2] (shortened as RL), which
takes an operational semantics of a programming language as
axioms and yields a program verifier that can prove any reach-
ability properties of any programs written in that language. As
a successful implementation of ML and RL, the K framework
(http://kframework.org) has been used to define the formal
semantics of various real languages such as C [3]], Java [4]],
JavaScript [5], and to verify complex program properties [6].

A sound and complete Hilbert-style proof system £ of ML
is given in [1]], whose proof of completeness is by reduction
to pure predicate logic. However, the proof system % is
only applicable to theories where a set of special definedness
symbols are given together with appropriate axioms that can
be used to define both equality and membership as derived
constructs. This leaves the question of whether there is any
proof system of ML that gives sound and complete deduction
for all theories, open. Our first contribution is to answer this
question by proposing a new proof system H of ML that is
complete without requiring definedness or any other symbols.

Our second and main contribution was stimulated by lim-
itations of RL itself as a logic to reason about dynamic
behaviors of programs. Specifically, as its name suggests,
RL can only define and reason about reachability claims. In
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particular, it is not capable of expressing liveness or many
other interesting properties that temporal or dynamic logics
can naturally express. Therefore, we propose matching u-
logic (shortened as MmL), which extends ML with a least
fixpoint pu-binder. It turns out that MmL subsumes not only
RL, but also a variety of common logics/calculi that are used
to reason about fixpoints and induction, especially for program
verification and model checking, including first-order logic
with least fixpoints (LFP) [7]], modal p-logic [8] (as well as
various temporal logics [9], [10] and dynamic logic (DL) [11]-
[13]]). For each of these we prove a conservative extension
result, showing the faithfulness of our definitions.

We organize the rest of the paper as follows. We start with
a quick but comprehensive overview of ML in Section
and then present the new proof system H in Section [II
We present MmL in Section [[V] and show how to define
recursive/co-recursive symbols as syntactic sugar in Section [V}
Then we discuss how MmL subsumes all the following:
first-order logic with least fixpoints (Section [VI); modal u-
logic and its fragment logics (Section [VII); reachability logic
(Section [VIII). We compare with related work and conclude
the paper with a proposal of future work in Sections [[X]and [X]

II. MATCHING LoGic PRELIMINARIES

Matching logic (ML) is a variant of many-sorted FOL
that makes no distinction between operation and predicate
symbols, allowing them to be uniformly used to build patterns.
Patterns define both structural and logical constraints, and are
interpreted in models as sets of elements (those that match
them). We offer a compact but comprehensive review of ML
below. A detailed discussion of ML can be found in [1]].

A. Matching logic syntax

Definition 1. A matching logic signature or simply a signature
Y = (S, VAR,X) is a triple with a nonempty set S of sorts, an
S-indexed set VAR = {VAR;}secs of countably infinitely many
sorted variables denoted x:s, y:s, etc., and an (S* X §)-indexed
countable set ¥ = {Z, s, s}s1.....s,.ses of many-sorted sym-
bols. When n = 0, we write o € X, 5 and say o is a constant
symbol. Matching logic X -patterns, or simply (X-)patterns, are
defined inductively for all sorts s,s’,sy,...,5, € S as follow

We use different primitives {—, —, V} than [1]], which uses {A, -, 3}.
These are more appropriate for our new proof system H (Fig. in Section .
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@5 == x:5 € VARy | @05 — @5 | =5 | Vxi5" .

| O—(SOSp . 790sn) if o€ zsl.‘.sn,s

We use PATTERNML(Y) = {PATTERNMN(Y)}ses to denote the
S-indexed set of X-patterns generated by the above grammar
(modulo a@-equivalence, see later). We feel free to drop the
signature ¥ and simply write PATTERNME = {PaTTERNY 5.

The signature ¥ = (S, VAR,X) is abbreviated as (S,X) or
just £ when Var and S are understood or not important.
When we write a pattern, we assume it is well-formed without
explicitly specifying the necessary conditions. When o € X ¢
is a constant symbol, we write o~ to mean the pattern o(). We
adopt the following derived construct as syntactic sugar:

@01V =9 = @ Ax:s.p = ~Vxis.—p
1 A2 = (=1 V 2¢2)
preog=@r =)A= ¢1) Ly=-T;

Ty = dxis.x:s

Note that “top” T, the pattern that matches everything (see
Proposition [3) is closed. We drop sort s whenever possible,
so we write x,y,T,L instead of x:s,y:s, Ts,Ls. Standard
precedences are adopted to avoid parentheses. The scope of
“¥” and “3J” goes as far as possible to the right.

As in FOL, “V” (and “3”) are binders, and we adopt the
standard notions of free variables, a-renaming, and capture-
avoiding substitution. We use FV(yp) to denote the set of all
free variables in . When FV(¢) = 0, we say ¢ is closed. We
regard patterns that are a-equivalent as the same, i.e., ¢ = ¢’
if ¢, ¢’ are a-equivalent. We write ¢[y/x] to mean the result
of substituting  for every free occurrence of x in ¢, where
a-renaming happens implicitly to prevent variable capture. We

abbreviate @[y1/x1]... [Yn/xn] as @[¥1/x1,. . . 00/ xn].

B. Matching logic semantics

ML symbols are interpreted as relations, and thus ML
patterns evaluate to sets of elements (those “matching” them).

Definition 2. Let ¥ = (S,X) be a signature. A matching logic
Y-model M = ({Ms}ses,_m), or just a (X-)model, consists of:

« a nonempty carrier set My for each sort s € S;
« an interpretation o : Mg, X+ X My, — P(Mj) for each
O € Xy, . s,.s» Where P(M;) is the powerset of Mj.

For notational simplicity, we overload the letter M and use
it to also mean the S-indexed set of carrier sets { M, }scs. The
usual FOL models are special cases of ML models, where
lom(ai,. .. a,)| =1 for all a; € My,,...,a, € My, . Partial
FOL models are also special cases where |0y (ay,...,a,)| <
1, since we can capture the undefinedness of the partial
function oy on ay,...,a, with op(ay,...,a,) = 0.

We tactically use the same letter oy to mean its pointwise
extension, oy P(Ms,) X -+ - X P(My,,) = P(Ms), defined as:

om(Ar. .., Ay) = U{O'M(al,. cLan) |ar € Ay, . an € Ay}

for all Ay € M,,...,A, € M,,.
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Proposition 3. For all A;,A] C My, 1 <i < n, the pointwise
extension oy has the following property of propagation:

om(Ar,...,Ay) =0 if A; =0 for some 1 < j <n,

O’M(A1 UAi,...,AnUA;l)Z om(By,...,By),
1£j£n,BjE{Aj,A;.}

o(Ar,...,Ay) Co(A],... A, if A; CAl forall 1 <i<n.

Definition 4. Let ¥ = (S, VAR,X) and let M be a ¥-model.
Given a function p: VAR — M, called an M-valuation, let its
extension p: PATTERNM- — P (M) be inductively defined as:

e p(x) ={p(x)}, for all x € Varg;

o pler = ¢2) = M\ (p(@1)\ p(2)), for @1, 2 € PATTERN;

e p(m@) = Mg \ p(¢), for all ¢ € PATTERNy;

o p(Vx.0) = Nuem,, pla/x](¢), for all x € Vary;

o P (@1, 0n)) = o (P(@1), ... pln)), for o € g, s, 5
where “\” is set difference and p[a/x] denotes the M-valuation
p’ with p’(x) = a and p’(y) = p(y) for all y # x.

Intuitively, a pattern is evaluated to the set of all elements
that “match” it. For example, the variable x (as a pattern)
is matched by exactly one element, p(x); the pattern —¢ is
matched by exactly those that do not match ¢; etc. The next
proposition shows that all derived constructs have the expected
semantics: “A” means conjunction, “V” means disjunction,
“T” means the total set, “L” means the empty set, etc.

Proposition 5. The following propositions hold:
o p(Ts) =M and p(Ly) = 0;
o pler A @2) = pler) N ple2);
o ple1 vV @2) = pler) U ple2);
o ple1 © @2) = M\ (p(@1) 2 p(¢2)), for 1,2 € PATTERN;
o P(3x.0) = Usem,, pla/x](¢), for all x € Vary;
where “A” is set symmetric difference.

Definition 6. We say a matching logic pattern ¢ holds in M,
written M Ey ¢, if p(¢) = M for all p: VAR — M. Let I be a
set of patterns, called axioms. We write M gy I' iff M ey ¢
for all axioms ¢ € I'. We write I" kg ¢ iff M gL ¢ for all
models M ky_ I'. When I' is empty, we abbreviate I' Epi ¢ as
EmL @, and say that ¢ is valid. This is, a pattern is valid iff it is
matched by all elements in all models. We call the pair (2,T)
a matching logic X -theory, or simply a (X-)theory. Model M
is said to be a model of the theory (X,T’) iff M gy T.

C. Important notations

Several mathematical instruments of practical importance,
such as definedness, totality, equality, membership, set con-
tainment, functions and partial functions, and constructors, can
all be defined using patterns. We give a compact summary of
the definitions and notations that are needed in this paper.

Definition 7. For any (not necessarily distinct) sorts s, s’, let us
consider a unary symbol [_]¢" € X ¢, called the definedness
symbol, and the pattern/axiom [x:s]‘;/, called (DEFINEDNESS).
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otality “|_|% 7, equality “=3", membership “€3”,

We define total 37 l P bership “€3”
. “ 4 .

and set containment “C3 ” as derived constructs:

o1 =2 = o1 & @lf
@1 S o= o - @alf

L)y = —[-¢1
X Gj/ p=[xA gﬂj/

and feel free to drop the (not necessarily distinct) sorts s, s’.

The (DEFINEDNESS) axiom ensures that ([_]3)a(a) = My
in all models M for all a € M. Therefore, for all valuations
p, we have p([¢1y) = My if ple) # 0, and A([]y) = 0
otherwise. That is, [¢]; says, in the sort universe s’, if ¢ is
defined or not in its sort universe s. We can prove all constructs
in Definition [7| have the expected semantics: 5(|¢|3) = My if
ple) = My, and p(L¢ly) = 0, otherwise; p(gr =} ¢2) = My
if p(¢1) = p(¢2), and p(p1 =5 ¢2) = 0 otherwise; etc.

Functions and partial functions can be defined by axioms:

(FuNcTiOoN) HXp) =Y

X)) Cy

Ay. o(xy,..

(ParTiaL FuncTtion) dy. o(x1,..

(FuncrioN) requires o(xy,...,X,) contains exactly one ele-
ment and (PArRTIAL FUNCTION) requires it contains at least one
element (recall y is evaluated to a singleton set). For brevity,
we use the function notation o : s1 X---X s, — s to mean we
automatically assume the (FunctioN) axiom of o. Similarly,
partial functions are written as o : s; X -+ X §, — S.
Constructors are extensively used in building programs and
data, as well as semantic structures to define and reason about
languages and programs. They can be defined in the “no junk,
no confusion” spirit [14]. Let ¥ = (S,X) be a signature, let
C={ceXy gm  |1<i<n}CXbe asetof constructor
symbols, and consider the following axioms/patterns:

(No Junk) for all sorts s € S:
v Jux/:s] .. xS

i
c; €C with s;=s

(No ConrusioN ]) for all i # j and s; = s;:

S(ci(xly o XMy A el .,x]r."j))
(No ConrusionII) for all 1 <i < n:
(ci(x}s. o XY A iy} yT)
— ci()ci1 A yl-l,. CLXA YT

Intuitively, (No Junk) says everything is constructed; (No
Conrusion I) says different constructs build different things;
and (No Conrusion II) says constructors are injective. We
refer to the the last two axioms as (No CONFUSION).

D. Defining first-order logic in matching logic

Given a FOL signature (S,%,I1) with function symbols X
and predicate symbols I1, the syntax of FOL is given by:

ty 5= x € VARy | f(ts,. .
@ = 7(ts,,. .

Ltg,) with f e X g s
L) withm eIl 5. @ — @ | ~@ | Vx.p

To subsume the syntax, we define a ML signature ¥ L =
(SFOL, £FOL) "where STO- = SU{Pred} contains a distinguished
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sort Pred, and FOC = {f: sy x -+ X5, = 5| f € Zg, 5.5}
U{r: sy xX---xs, = Pred | m € I, ,} contains FOL
function symbols as ML functions and FOL predicate symbols
as ML functions that return Pred. Let IO be the resulting
Y FOL_theory. Notice that we use the function notations so I'™O-
contains the (FunctioN) axioms for all symbols in ZM-.

Proposition 8. For all FOL formulas ¢, we have ¢ is a ¥ O"-

pattern of sort Pred and kro, ¢ if and only if T gy ¢.

E. Matching logic proof system P with definedness symbols

ML has a conditional sound and complete Hilbert-style
proof system, which we refer to as # in this paper. We refer
readers to [1f] for details (see also Fig. E]) Here we denote its
provability relation as I' -y ¢. The proof system # can prove
all patterns ¢ that are valid in " under the condition that
I' contains definedness symbols and (DEFINEDNESS) axioms.
In fact, many proof rules in ¥ use the equality “=" and
membership “€” constructs, both of which are defined using
the definedness symbols. This means P is not applicable at
all to any theories that do not contain definedness symbols.

We wrap up this subsection by reviewing the soundness
and completeness theorem of . In Section we propose a
new ML proof system H that is sound and complete without
requiring the theories to contain definedness symbols.

Theorem 9 (Soundness and Completeness of P). For all
theories T' containing the definedness symbols and axioms
(Definition [7) and all patterns ¢, we have T ey ¢ iff T ko .

III. A NEw ProoF SysTEM oF MATCHING Locic

Our first main contribution in this paper is a new ML
proof system 9 that is sound and complete without requiring
definedness symbols and axioms, and thus extends the com-
pleteness result in [1]], re-stated in Theorem E}

We first need the following definition of context:

Definition 10. A context C is a pattern with a distinguished
placeholder variable 0. We write C[¢] to mean the result of
replacing O with ¢ without any a-renaming, so free variables
in ¢ may become bound in C[g¢], different from capture-
avoiding substitution. A single symbol context has the form
Co =0(Qt,- .-, 0i-1,0,Qi41,. . ., n) Where o € X, ¢ and
Ol s Pi—1, Qi+l - - -, Pn are patterns of appropriate sorts. A
nested symbol context is inductively defined as:

« O is a nested symbol context, called the identity context;
« if Cy is a single symbol context, and C is a nested symbol
context, then C,-[C[O]] is a nested symbol context.

Intuitively, a context C is a nested symbol context iff the path
to O in C contains only symbols and no logic connectives.

The proof system H (Fig. [I} above the double line) has
13 proof rules that are divided into four categories. The first
category consists of the Lukasiewicz complete axiomatization
of propositional logic [15] (four rules). The second cate-
gory completes the (complete) axiomatization of first-order
logic [16] (three rules). The third category contains four rules
that capture the property of propagation (Proposition [3). The
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(ProPOSITION|)
(PROPOSITION? )
(PrOPOSITION3)

(Mobus PoNENS)

1 = (p2 = ¢1)
(1 = (92 = ¢3)) = (91 = ¢2) = (p1 = ¢3)
(mp1 = =) = (92 — 1)
L1 P12
$2

(VARIABLE SUBSTITUTION)

Vx.o — ¢[y/x]

v) Vx.(p1 = ¢2) = (o1 = Vx.¢0)  if x ¢ FV(g1)
¥
H (UNTVERSAL GENERALIZATION) Vx.o

(PROPAGATION | ) ColL] > L
(PROPAGATIONY ) Coler V2] = Cole1] V Col2]

Hy (PROPAGATIONT) Co[3x.¢] = Ix.Cylp] if x ¢ FV(Cy[Tx.¢])

Y1 = ¢

(FRAMING) Cole1] = Colen]
(EXISTENCE) dx.x

(SINGLETON VARIABLE)

=(Ci[x A @] A Co[x A —))
where C| and C, are nested symbol contexts.

L4
(SET VARIABLE SUBSTITUTION)  @[¢/X]
(PrE-FixpoINT) eluX. o/ X] > uX.@
ply/X] > ¢
(KNASTER-TARSKI) uX.o =y

Fig. 1. Sound and complete proof system 7 of matching logic (above the double line) and the proof system 7, of matching u-logic

fourth category contains two technical proof rules that are
needed for the completeness result of . Notice that unlike
P, all proof rules in H are general rules and do not depend
on any special symbols such as the definedness symbols.

Definition 11. Let I' be an axiom set and ¢ be a pattern.
As usual, we write I' ¢y ¢ iff ¢ can be proved by the proof
system H with the patterns in ' as additional axioms.

There are two interesting observations about H. Firstly, the
(FraMING) rule allows us to lift the result of local reasoning
through any symbol contexts, and thus supports compositional
reasoning in ML. Secondly, the three propagation axioms plus
the (FRaMING) rule inspire a close relationship between ML
and modal logics, where the ML symbols and the modal logic
modalities are dual to each other, as illustrated below:

Proposition 12. Let o € X, ¢ and define its “dual” as

(@1, .., 0n) =m0 (=p1,...,m¢,). Then we have:
o (K): kg0 (@1 = @, oson = @) = (T (@15 n) >
a(¢],....9p)); and

o (N): raq @; implies var (@15 s Pise v vrPr)-
In particular, when n = 1, we obtain the normal modal logic
(K) rule and (N) rule [17)].

We present some important properties about the proof
system H. The first one is the soundness theorem.

Theorem 13 (Soundness of H). T kg ¢ implies T Epp .

The second property is a version of deduction theorem,
which requires definedness symbols and axioms.

Theorem 14 (Deduction Theorem of H). Let T" be an axiom
set containing definedness symbols and axioms (see Defini-
tion [7), and let ¢, be two patterns. If T U {y} +oq ¢ and
the proof does not use (UNIVERSAL GENERALIZATION) on free
variables in , then T vqr W] — @. In particular, if ¥ is
closed, then TU{y} g ¢ implies T vq || — ¢. Notice that
L¥ ] is an abbreviation of |y [}, if ¢ has sort s and Y has sort
s’. Also, the reverse theorem holds: T vrqq ] — ¢ implies
T'U {¢} kgr @, without any additional conditions.

The verbose condition about (UNIVERSAL GENERALIZATION)
in Theorem (14| also appears in the deduction theorem in FOL
(see, for example, [[16]). Notice that we can not conclude I' ¢/
¥ — ¢ in general. The theorem is proved by an induction on
the length of the proof, but we here instead give an intuitive
semantic explanation. Suppose I' U {¢/} EmL ¢ for some closed
pattern ¢ (so we can ignore valuations). Then for all models
M g T, if ¢ holds then ¢ also holds. This actually means
M gL Y] — ¢, as [¢] is evaluated to the empty set if
does not hold in M. Note that M ky_ ¥ — ¢ is too strong
as a conclusion, for it requires the valuation of i is always
contained in ¢, even in models M where ¢ does not hold.

The third property is that we can prove all proof rules in
P using the new proof system H, with definedness axioms
as additional axioms. This immediately gives us the following
completeness result of H as a corollary of Theorem [9]

Theorem 15. For all axiom sets I’ containing (DEFINEDNESS)
axioms and all patterns ¢, we have T ey ¢ implies T" Fqq .

Finally, we state our main completeness result for H:



Techni cal

Theorem 16 (Completeness of H). Epp ¢ implies Fqq .

The proof of Theorem [T is rather complex (see Ap-
pendix [D). We drew inspiration from Blackburn and Tza-
kova [18], who proved a completeness result for a version of
hybrid modal logic with the V-binder, using a mixture of modal
and first-order techniques: the idea of canonical models from
modal logic and the idea of witnessed sets from first-order
logic. Theorem (16| can be seen as a nontrivial generalization
of the completeness result in [18]]. Specifically, we extend the
hybrid modal logic of [[18] in two directions. First, we consider
multiple sorts, each coming with its own universe of worlds
and logical infrastructure; the approach in [18]] has only one
sort, that of “formulae”. Second, we allow arbitrarily many
modal operators of arbitrary arities (see Proposition [I2)); the
approach in [18] only considers the usual, unary “necessity”
modal operator O_ (and its dual ¢_). Polyadic, non-hybrid
(i.e., without V-binder) variants of modal logic are known (see,
e.g., [19]]), but at our knowledge our work in this paper is the
first to combine polyadic modal operators and FOL quantifiers.

IV. From MATtcHING Logic To MATcHING p-Locic

In this section, we extend ML with the least fixpoint u-
binder. We call the extended logic matching u-logic (MmL),
and study its syntax, semantics, and proof system. Many
definitions, notations, and properties of ML that are introduced
in Section [[] and [IT] also work for MmL, so we only focus on
parts where they differ to prevent redundancy.

A. Matching u-logic syntax

Definition 17. A matching u-logic signature ¥ = (S, VAR, X)
or simply a signature is the same as a matching logic signature
except that VAR = EVAR U SVAR is now a disjoint union of
two S-indexed sets of variables: the element variables denoted
as x:s, y:s, etc. in EVAR, and the set variables denoted as
X:s,Y:s, etc in SVAR. Matching p-logic ¥ -patterns, or simply
Y -patterns or just patterns, are defined inductively by the
following grammar for all sorts s,s” € S:

s == x:5s € EVARg | X:s € SVarg | - --

| uX:s.ps if @, is positive in X:s,

113

where the “...” part is the same as in ML. We say ¢
is positive in X:s if every free occurrence of X:s is under
an even number of negations, where for counting negations
the formula ¢; — ¢, is interpreted as —p; V ¢r. We let
PATTERN(Y) = {PATTERN; }ses denote the set of all matching
p-logic X -patterns and feel free to drop the signature 2.

From now on, we automatically assume we are talking about
MmL unless we explicitly say otherwise.

Intuitively, element variables are like ML variables in that
they are evaluated to elements, while set variables are evalu-
ated to subsets. The least fixpoint pattern uX:s. s gives the
least solution (under the subset relation) of the equation X:s =
@ of set variable X:s, and the condition of positive occurrence
guarantees the existence of such a least solution. The notion of
free variables, a-renaming, and capture-avoiding substitution
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are extended to set variables and the u-binder. The dual version
of the least fixpoint u-binder is the greatest fixpoint v-binder,
defined as vX:s.@y = —uX:s.—ps[-X:s/X:s], given that ¢
is positive in X:s, (which implies that —¢s[-X:s/X:s] is also
positive in X:s, justifying the definition).

B. Matching u-logic semantics

We first review a variant of the Knaster-Tarski theorem [20]:

Theorem 18 (Knaster-Tarski). Let M be a nonempty set and
F: P(M) - P(M) be a monotone function, i.e., F(A) C
F(B) for all subsets A C B of M. Then F has a unique least
fixpoint uF and a unique greatest fixpoint vf, where:

T = (A e PM)| F(4) < A},
vF = J{aepm) | AcF(A).

We call A a pre-fixpoint of F whenever ¥(A) C A, and a
post-fixpoint of ¥ whenever A C F(A).

MmL models are exactly ML models where sorts are asso-
ciated with their carrier sets and symbols are interpreted as
relations. Valuations are extended such that element variables
are mapped to elements and set variables are mapped to
subsets. Patterns are evaluated the same way for the ML
constructs, but extended with the valuation of least fixpoint
patterns uX:s. ¢ as the true least fixpoints in models. Formally:

Definition 19. Let ¥ = (S,VaARrX) be a signature with
Var = EVAR U SVAR, and M = ({M;}ses,_m) be a X-model.
A valuation p: VAR — (M U P(M)) is a function such that
p(x) € Mg for all x € EVary and p(X) € P(M;) for all
X € SVar;. Its extension p: PATTERN — P (M) is defined as
in Definition [} extended with:

e p(x) ={p(x)} for all x € EVARy;

e p(X) = p(X) for all X € SVaRrg;

o p(uX.@) = uFy x for all X:SVarg, where F, x(A) =

plA/X](p) for all A C M.

Here p[A/X] denotes the valuation p’ such that p’(X) = A
and p’(Y) = p(Y) for all Y # X. Notice that we need to verify
that ¥, x is monotone. This is done by using the fact that ¢ is
positive in X, and we omit the verification details. The notions
ME @, T'Ep, and M ET for all MmL models M, patterns ¢,
and axiom sets I" are defined in the expected way.

Proposition 20. For all axiom sets T' of matching logic
patterns (without i) and all matching logic patterns ¢ (without
), we have T ey ¢ if and only if T E ¢.

C. Example: capturing precisely term algebras

Many approaches to specifying formal semantics of pro-
gramming languages are applications of initial algebra seman-
tics [21]. In this subsection, we show how term algebras, a
particular example of initial algebras, can be precisely captured
using MmL patterns as axioms. For simplicity, we discuss only
single-sorted term algebras, but the result can be extended to
the many-sorted settings without any major technical difficul-
ties using the techniques introduced in Section [V]
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Definition 21. Let ¥ = ({Term},X) be a signature with one
sort Term and at least one constant symbol. A ¥ -term or simply
a term is inductively defined as follows:

ti=ce z:/l,Term | C(tl, .. ,tn) for ¢ € z:Term...Term,Term

The X-term algebra T* = ({T%rm ,_7%) consisting of:
« a carrier set T2

Term CONtaining all ¥-terms;

. a function crx: TY X -+ x Ty 7Y, for all
symbols ¢ € Zqm.. Term, Term defined as cpz(ty,...,1,) =
c(tyy. .. ty).

Proposition 22. Let ¥ = ({Term},X) be a signature with one
sort Term and at least one constant symbol. Define a ¥ -theory
I t»:erm with (Funcrion) and (No CONFUSION) axiomsﬂ for all

symbols in X, plus the following axiom:

(INpuctive DomaIN) — uD. \/ c(D,...,D)

cex

Then for all Y-models M & TE™, M is isomorphic to TE. In
addition, for all extended signatures ¥* 2 ¥ and Y *-models
M e l"tg”“, we have M|z is isomorphic to T*, where M 5 IS
the reduct model of M over the sub-signature Y.

Intuitively, the (INpucTivE Domain) axiom forces that for
all models M, the carrier set Mz,,,, must be the the smallest set
that is closed under all symbols in X, while the (FuncTion)
and (No ConrusioN) axioms forces all symbols in X to be
interpreted as injective functions, and different constructors
construct different terms.

Proposition 22] immediately tells us that MmL cannot have
a proof system that is both sound and complete, because one
can capture precisely the model (N, +,x) of natural numbers
with addition and multiplication with MmL axioms, and the
model (N, +, X), by Godel’s first incompleteness theorem [22],
is not axiomatizable.

Proposition 23. Let ¥ = ({Nat},{0 € 2 yas, SUCC € ZNgr Nar})
and the Y -theory TE™ be defined as in Proposition where
the (INnpuctive DoMAIN) takes the following form:

(Inpuctive Domain)  uD . 0V succ(D)

Let the signature YN extend Y with two functions:
plus: Nat X Nat — Nat mult: Nat X Nat — Nat

and the YN-theory TN extend T =™ with the standard axioms:
plus(s(x), y) = s(plus(x, y))
mult(s(x),y) = plus(y, mult(x, y))

plus(0,y) = y
mult(0,y) =0

Then, TN captures precisely (N,+,X), meaning that for all
models M £ TN, M is isomorphic to (N, +, X).

We finish this subsection by comparing Proposition [22]
with the nontrivial result that the term algebra 7% has a
complete axiomatization in FOL where the only predicate
symbol is equality [23]]. We refer to this complete FOL

2See Section m
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axiomatization as I'ro(7™). This means that for all FOL
formulas ¢, TroL(T%) EroL ¢ if and only if 7% Ero_ ¢. This
result is weaker than Proposition because by Lowenheim-
Skolem theorem [24], the FOL theory FFOL(TX) has models
of arbitrarily large cardinalities (if ¥ contains at least one
non-constant constructors), meaning that there are models
M EroL FFOL(TX) with strictly more elements than T%, and
thus cannot be isomorphic to 77. It is just the case that M (and
all FOL models of Tro (7)) satisfies exactly the same FOL
formulas as 7%, known in literature as elementary equivalence.
Proposition 22} on the other hand, shows that the MmL theory
I captures T up to isomorphism.

D. Matching u-logic proof system

Proposition [23| implies that MmL cannot have a sound and
complete proof system. The best we can do then is to aim
for a proof system that is good enough in practice. We take
the ML proof system H and extend it with three additional
proof rules (see Fig. [T). Rules (PrRe-FixpoinT) and (KNASTER-
Tarski) are standard proof rules about least fixpoints as in
modal p-logic [[8]. Rule (SET VARIABLE SUBSTITUTION) allows
us to prove from + ¢ any substitution + [y /X] for X € SVar.
Note the condition that X is a set variable is crucial. In general,
we cannot prove from F ¢ that + ¢[¥/x] for x € EVar,
because it does not hold semantically. As shown in [1]], it
only holds when y is functional, that is, when i evaluates to
a singleton set. Indeed, suppose that ¢ is not functional, say it
is the pattern OV succ(0) over the signature of natural numbers
in Proposition 23] which evaluates to a set of two elements.
Then we can pick ¢ to be the tautology Jy. x = y, and then
¢[¥/x] becomes Ty . = y, which states that ¢ evaluates to
a singleton set (the valuation of y), which is a contradiction.

We let H, denote the extended 16-rule proof system in
Fig. E], and from here on we write I' +- ¢ instead of T kg, ¢.

Theorem 24 (Soundness of H,,). I' + ¢ implies I k ¢.

E. Instance: Peano arithmetic

The purpose of this subsection is to illustrate the power of
the two proof rules (PRe-FixpoinT) and (KNASTER-TARSKI), by
showing that they derive the (INpucTION) axiom schema in the
FOL axiomatization of Peano arithmetic [25], [26]:

(InpuctioN)  ¢(0) A Vx.(p(x) — ¢(succ(x))) — VYx.po(x)

where ¢(x) is a FOL formula with a distinguished variable x.

We encode the FOL syntax of Peano arithmetic following
the technique in Section that is, we define a signature
yPeano — ({Nat, Pred},X") where N is defined in Proposi-
tion @] that contains the functions 0, succ, plus, mult, and let
'Pea contain the same equations as axioms as I'™. Notice
that the only ¥P®3_patterns of sort Pred are those built from
equalities between two patterns of sort Nat.

Proposition 25. Under the above notations, we have:

rPean | o (0) A Vax.((x) — @(succ(x))) — Vx.o(x).
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V. DEFINING RECURSIVE SYMBOLS AS SYNTACTIC SUGAR

Intuitively, the least fixpoint pattern uX.¢ specifies a re-
cursive set that satisfies the equation X = ¢, where ¢ may
contain recursive occurrences of X. For example, the pattern
uX.0 V succ(succ(X)) specifies the set of all even numbers,
which conceptually defines a recursive constant symbol:

even € Tyt Nat even =5, 0V succ(succ(even)).

Here, “=15,” is merely a notation, meaning that we want even
to be the least set that satisfies the equation (since the total
set is always a trivial solution).

The challenge is how to generalize the above and define
recursive non-constant symbols. For example, suppose we want
to define a symbol collatz € Xy nar as follows:

collatz(n) =15
nV (even(n) A collatz(n/2)) vV (odd(n) A collatz(3n + 1))

with the intuition that collatz(n) gives the set of all numbers in
the Collatz sequence] starting from n. However, the u-binder
in MmL can only be applied on set variables, not on symbols,
so the following attempt is syntactically wrong:

collatz(n) = po(n).
nV (even(n) A oo(n/2)) vV (odd(n) A o(3n + 1))

/I p can only bind a set variable

One possible solution could be to extend MmL with the
above syntax and allow the p-binder to quantify symbol
variables, not only over set variables. The semantics and
proof system could be extended accordingly. This is exactly
how first-order logic with least fixpoints extends FOL [7].
But do we really have to? After all, our proof rules (Pre-
FixpoinT) and (KnasTer-Tarski) in Fig. |1| are nothing but
a logical incarnation of the Knaster-Tarski theorem, which
has been repeatedly demonstrated to serve as a solid if not
the main foundation for recursion. Therefore, we conjecture
that the H proof system in Fig. [I] is sufficient in practice,
and thus would rather resist extending MmL. That is, we
conjecture that it should be possible to define one’s desired
approach to recursion/induction/fixed-points using ordinary
MmL theories; as an analogy, in Section we showed
how we can define definedness, totality, equality, membership,
containment, functions, partial functions, etc. (see [1|] for
more) as theories, without a need to extend matching logic.

In particular, we can solve the recursive symbol chal-
lenge above by using the principle of currying-uncurrying to
“mimic” the unary symbol collatz € Xy, na With a constant
symbol collatz € ) NyoNar, Where Nat®Nat is the product sort
(defined later; the intuition is that Nat ® Nat has the product
set N X N as its carrier set), and thus reducing the challenge
of defining a least relation in [N — P (N)] to defining a least
subset of (N x N), without the need to extend the logic.

3A Collatz sequence starting from n > 1 is obtained by repeating the
following procedure: if n is even then return n/2; otherwise, return 3n + 1.
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A. Principle of currying-uncurrying and product sorts

The principle of currying-uncurrying [27]], [28]] is used in
various settings (e.g., simply-typed lambda calculus [29]) as
a means to reduce the study of multi-argument functions to
the simpler single-argument functions. We here present the
principle in its adapted form that fits best with our needs.

Proposition 26. Let Mj,,..., M, ,M; be nonempty sets. The
principle of currying-uncurring means the isomorphism
curry

P(le XX MY,, X Mt) —_— [Myl X

uncurry

X M, — P(M;)]

defined for all a) € M,,...,a, € Ms,,b € My, C Mg, X---X
M, X My, and f: Mg, X --- X M, — P(M;) as:

ay)={be M, | (ai,...,ayb) € a}
'aan’b) | b € f(a1’° . -’an)}'

In other words, we can mimic an n-ary symbol o € X, 5,/
with a constant symbol of the product sort s1® -+ - ® s, ®t,

whose (intended) carrier set is exactly the product set M, X
... M, x M;. This leads to the following definition.

curry(a)(ay, . .

uncurry(f) = {(ay,. .

Definition 27. Let s,z be two sorts, not necessarily distinct.
The product sort s @ t is a sort that is different from s and
t. The pairing symbol (_, _)s;: s Xt — s ®t is a function
symbol and the projection symbol _(_)s;: s®txXs — tisa
partial function symbol. These are governed by the axioms

(INJECTIVITY) (k,vy =K' v)) > (k=k')YA (v =)
(KEY-VALUE) (k)K= (k=k") AV
(Propuct DoMAIN)  FkTv.(k,v)

forcing the carrier of s ® ¢ to be the product of the carriers of
s and ¢, and pairing/projection are interpreted as expected.

Product of multiple sorts as well as the associated pair-
ing/projection operations can be defined as derived constructs
as follows. Let s1,...,5,,¢ be sorts, not necessarily distinct,
and ¢, . . ., ¢n, @, be patterns of appropriate sorts. We define:

S1I® - ®85,9r=510(520((-®(5,®¢1)...))
(@15 s n ) = (@01, (oo AP @) - )
Y@, on) =Y(e1) - (en).
Notice that we tactically use the same syntax _(_,...,_)
for both symbol applications and projections to blur their
distinction. In particular, if o € X g...0s,@ iS a constant

symbol of the product sort, then o(¢y,. .., ¢,) is a well-formed
pattern if ¢1,...,¢, have appropriate sorts.

B. Defining recursive symbols in matching u-logic

Definition 28. Let X = (S,X) be a signature and o € X, 5, s
We use the notation o (x1,...,X,) =Ifp ¢ to mean the axiom:

-,xn) =
(uo:s1 @ -+ - ® 5, @ t.3xy ... Axy . {x1, ..

o(xy,..
X, O (X1, s X))

A symbol o € X, _;,.s obeying this axiom is called recursive.
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The following theorem says that if ¢ “behaves like a
symbol”, meaning that it has the property of propagation
(Proposition [3)), then we can obtain variants of (PRE-F1xpoINT)
and (KnasTer-TARsk1) for the recursive symbol o

Theorem 29. Let ¥ be a signature with a recursive symbol
o € Xy s, defined as o(xy,...,x,) =1p ¢. Let T be a ¥-
theory such that for all ¢1,...,pp:

,Zn/xn])

't @z;...3z,.21 € Q1 A Az € @ A@lz1 /X1, ..
— ole1/xt,- o on/xn].

Then the following hold:
e Pre-Fixpoint: T + ¢ — o(x1,...,%,);
o Knaster-Tarski: if Ty /o] —y¢ then Tro(xy,...,x,) —
W, where @[y /o] is the result of replacing all patterns
of the form o (¢1,...,¢on) in @ with y[@1/x1,...,0n/Xn].

VI. INSTANCE: FIRST-ORDER Logic wiTH LEAST FixPOINTS

First-order logic with least fixpoints (LFP) [7] extends the
syntax of first-order logic formulas with:

Y = [lpr,x] ,,,,, Xn 90]([17 s 7tn)

where R is a predicate variable and ¢ is a formula that is
positive in R. Intuitively, “[Ifpg , . ¢]” behaves as the least
fixpoint predicate of the operation that maps R to ¢. Due to its
complexity and our limited space, we skip the formal definition
of the semantics and simply denote the validity relation in LFP
as FLep . A comprehensive study on LFP can be found in [30]].

Given the notations of recursive symbols defined in Sec-
tion [V} it is straightforward to subsume LFP by extending the
theory T'™OL defined in Section with:

[lpr,xl ..... Xn (,D]([], o ’tn) =

(UR: 51®...Q95,®Pred.Axy ... Axy (X1, . s Xy @)1, - -5 1n)

for all predicate variables R with argument sorts si,...,S,.
What is different is that we add one additional axiom,
Vx:PredVy:Pred.x = y, to constrain the (dummy) carrier set
of Pred is a singleton set, so that all MmL models are also
FOL/LFP models. This fact is used to prove the “only if” part
in the next theorem We denote the resulting theory I'7F.

Theorem 30. If ¢ is any LFP formula, then e igp ¢ iff T*° £ .

VII. INsTaNcEs: MopAL pu-CaLcuLus AND TEMPORAL Loaics

We have seen how MmL symbols and patterns can be
used to specify both structure and constraints, such as terms
(Section [[IV-C) and FOL (Section [I-D), as well as vari-
ous induction, recursion and least-fixed point schemas (Sec-
tions and [V)) over these. These suffice to express and
prove program assertions, including complex state abstractions
(see also how separation logic falls as a fragment of matching

4We do not need that axiom in defining FOL in ML, as seen in Section
because there the “if” part is proved via a proof theoretical approach, using
the completeness proof system of FOL and the fact that we can mimic FOL
proofs in ML (see [1]). Since LFP does not have a complete proof system,
we have to add additional axioms to constrain more on the MmL models.
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logic in [1]]), in contexts where MmL is chosen as a static
state assertion formalism in program verification frameworks
based on Hoare logic [31], dynamic logic [11]], or reachability
logic [2]. However, as explained in Section [ our ultimate
goal is to support not only static state assertions, but any
program properties, including ones that are usually specified
using Hoare, dynamic, or reachability logics. We start the
discussion in this section, by showing how MmL symbols
and patterns can also be used to specify dynamic transition
relations such as modal p-logic modalities and dynamic logic;
in Section we then discuss how MmL also subsumes
reachability logic, which subsumes Hoare logic [6].

A. Modal u-logic syntax, semantics, and proof system

The syntax of modal p-logic [8]] is parametric on a countably
infinite set PVArR of propositional variables. Modal u-logic
formulas are given by the grammar}

@pui=p€ePVAR| @A |—p]|op|uX.¢if ¢ is positive in X

Derived constructs are defined as usual, e.g., e¢ = —o-.
Modal u-logic semantics is given using transition systems S =
(S,R), with S a nonempty set of states and R C S X S a
transition relation, and valuations V: PVAR — P(S), as follows:

. IPly = V)

o o1 A 902}]{8/ = [[901]}{3/ N [e2]5s

o [-ely =S\ [e]ys

o [ogl = {s €S |sRt implies r € [¢], for all r € S};

. [uX. @H?/ =({ACS| [[QDH%\}[A/)(] C Ak
A modal p-logic formula ¢ is valid, denoted k,, ¢, if for all
transition systems S and all valuations V, we have [[cp]]ﬁ =S.
A proof system of modal u-logic is firstly given in [8] and
then proved to be complete in [32]. It extends the proof
system of propositional logic with the following proof rules:

K) o1 = p2) = g1 = op2) () =
oly/X] =y
X.0)/X] — uX. -
(m)  l(uX. @)/ X] — uX. ¢ (12) X o U

We denote the corresponding provability relation as +, .
Notice that (K) and (N) are provable in MmL (Proposition [1;21),
and (u1) and (up) are exactly (Pre-FixpoinT) and (KNASTER-
Tarsk1). This means that we can easily mimic all modal
p-logic proofs in MmL (i.e. “(2) = (3)” in Theorem @

B. Defining modal u-logic in matching u-logic

To subsume the syntax, we define a signature (of transition
systems) XS = ({State},{e € E’Slme’&m}) where we call the
symbol “e” one-path next. We regard propositional variables
in PVAR as set variables. We write ey instead of e(¢p), and
define op = —e—gp. Then every modal u-logic formula ¢ is an
MmL ¥ "S-pattern of sort State. Finally, note that no axioms
are needed; let T* be the empty ¥ 'S-theory.

An important observation is that the ¥ ">-models are exactly

ies TS P
the transition systems, where e € X2 o . is interpreted as

SThe modal p-logic literature often uses O¢ and ¢¢ instead of op and
op. We here use the latter to avoid confusion with the “always” O¢ and
“eventually” ¢¢ in LTL and CTL.
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the transition relation R. Specifically, for any transition system
S = (S,R), we can regard S as a ¥ 'S-model where S is the
carrier set of State and eg(f) = {s € S | s Rt} contains all R-
predecessors of t. This might seem counter-intuitive at the first
glance: why “one-path next” is interpreted as the predecessor
instead of the successor of R? See the following illustration:

R
s - 5 - s // states

Y oy /I patterns
In other words, ¢ is matched by states which have at least one

next state that satisfies ¢, conforming to the intuition. Another
interesting observation is about ey and its dual, op = —e—,
called “all-path next”. The difference is that op is matched by
s if for all states t such that s R t, we have ¢ matches ¢. In
particular, if s has no successor, then s matches og for all ¢.
This is formally summarized in Proposition

We now feel free to take any transition system S as an MmL
¥ "-model. The following theorem shows that our definition
of modal p-logic in MmL is faithful, both syntactically and
semantically. What is interesting about the theorem is its proof,
which can be applied to other all logics discussed in this paper,
and obtain similar results for all of them.

’ R 4

Theorem 31. The following properties are equivalent for all
modal p-logic formulas ¢: (1) £y @; (2) by @5 (3) TH - @) (4)
TH E @; (5) M E ¢ for all Y S-models M such that M £ TH;
(6) S Eu @ for all transition systems S.

Proof sketch: We only need to prove “(2) = (3)” and
“(5) = (6)”, as the rest are already proved/known. (1) =
(2) follows by the completeness of modal u-logic, which is
nontrivial but known. (2) = (3) follows by proving all modal
p-logic proof rules as theorems in MmL. (3) = (4) follows
by the soundness of MmL (Theorem [24). (4) = (5) follows
by definition. (5) = (6) follows by proving the contrapositive
statement, “¥,, ¢ implies I'* ¥ ¢”, by taking a transition system
S = (S,R) and a valuation V such that [¢];, # S, and showing
that if we regard S as a ¥ "S-model and V as an S-valuation in
MmL, then S £ I** and V(¢) # S, which means that T* ¢ .
Finally, (6) = (1) follows by definition. [ |

Therefore, modal p-logic can be regarded as an empty
theory in a vanilla MmL without quantifiers, over a signature
containing only one sort and only one symbol, which is unary.
It is worth mentioning that variants of modal u-logic with
more modal operators have been proposed (see [33] for a
survey). At our knowledge, however, all such variants consider
only unary modal operators and they are only required to obey
the usual (K) and (N) proof rules of modal logic. In contrast,
MmL allows polyadic symbols while still obeying the desired
(K) and (N) rules (see Proposition , allows arbitrary further
constraining axioms in MmL theories, and also quantification
over element variables and many-sorted universes.

C. Studying transition systems in MmL

The above suggests that MmL may offer a unifying play-
ground to specify and reason about transition systems, by
means of ¥ "S-theories/models. We can define various tempo-
ral/dynamic operations and modalities as derived constructs
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from the basic “one-path next” symbol “e” and the u-binder,
without the need to extend the syntax and semantics of the
logic. We can constrain the models/transition systems of inter-
est using additional axioms, without the need to modify/extend
the proof system of the logic. In what follows, we show that by
defining proper constructs as syntactic sugar and adding proper
axioms, we can capture precisely LTL (both finite- and infinite-
trace), CTL, dynamic logic (DL), and reachability logic (RL).

Let us add more temporal modalities as derived constructs
(we have seen “all-path next” oy in Section [VII-B):

“eventually” ¢ = uX.pV eX
“always” Op = vX.p A oX
“until” @1 U @3 = uX. @2 V (p1 A 0X)
“well-founded” WF = uX.oX

Proposition 32. Let S = (S, R) be a transition system regarded
as a Y"S-model, and let p be any valuation and s € S. Then:

e 5 € p(ey) if there exists t € S such that s Rt, t € p(y),
in particular, s € p(eT) if s has an R-successor;

o 5 € plog) if for all t € S such that s Rt, t € p(yp); in
particular, s € p(oLl) if s has no R-successor;

e 5 € p(0p) if there exists t € S such that s R* t, t € p(¢);

e s €p(0y) if for all t € S such that s R* t, t € p(¢);

e s € p(pUgy) if there exists n > 0 and ty,. . .,t, € S such
that sRt|R-- - Rty, t, € p(¢2), and s,t1,...,ty—1 € p(¢1);

e 5 € p(WF) if s is R-well-founded, meaning that there is
no infinite sequence t\,tr,---€ Swith s Rty Rt R...;

where R* = J;5o R' is the reflexive transitive closure of R.

D. Instances: temporal logics

Since MmL can define modal p-logic (as an empty theory
over a unary symbol), it is not surprising that it can also define
various temporal logics such as LTL and CTL as theories
whose axioms constrain the underlying transition relations.
What is interesting, in our view, is that the resulting theories
are simple, intuitive, and faithfully capture both the syntax
(provability) and the semantics of these temporal logics.

1) Instance: infinite-trace LTL: The LTL syntax, namely

pu=pePVaR [@A@[-p|op|oUg
is already subsumed in MmL with the derived constructs we
give in Section Other common LTL modalities such
as “always O¢” are defined from the “until U” modality in
the usual way. Infinite-trace LTL takes as models transition
systems whose transition relations are linear and infinite into
the future. We assume readers are familiar with the semantics
and proof system of infinite-trace LTL (if not, see [10]) and
skip their formal definitions. We use “Fipr.” and “kiprL” to
denote infinite-trace LTL validity and provability, respectively.

To capture the characteristics of both “infinite future” and
“linear future”, we add the following two patterns as axioms:

(INF) oT
and denote the resulting ¥ "S-theory as T'"Tt_ Intuitively, (INF)
forces all states s to have at least one successor, and thus
all traces are infinite, and (LiN) forces all states s to have
only a linear future. The following theorem shows that our

(Lix) o — op
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definition of infinite-trace LTL is faithful both syntactically
and semantically, proved exactly as Theorem [31]

Theorem 33. The following properties are equivalent for all
infinite-trace LTL formulas ¢: (1) FintL @5 (2) FinitTL @5 (3)
rinfLTL Fo; (4) rinfLTL E Q.

Therefore, infinite-trace LTL can be regarded as a theory
containing two axioms, (INF) and (LiN), over the same signa-
ture as the theory corresponding to modal u-logic.

2) Instance: finite-trace LTL: Finite execution traces play
an important role in program verification and monitoring.
Finite-trace LTL considers models that are linear but have
only finite future. The following syntax of finite-trace LTL:

pu=pePVAR [N |- |op|oUy ¢

differs from infinite-trace LTL in that the “until” modality
“U” is weak, meaning that ¢ U,, ¢» does not necessarily imply
that ¢, eventually holds. Again, we assume readers are familiar
with the semantics and proof system of finite-trace LTL (if not,
see [10]) and use “Fint.” and “rnrL” to denote its validity
and provability, respectively.

To subsume the above syntax, we define in MmL:

“weak until” ¢ Uy, @2 = uX.@2 V (¢ A oX).
To capture the characteristics of both finite future and linear
future, we add the following two patterns as axioms:

(FiN) WF = uX.oX (LIN) ep — og
and call the resulting ¥ 'S-theory I'"“T“ Intuitively, (FIN)
forces all states to be well-founded, meaning that there is no
infinite execution trace in the underlying transition systems.

Theorem 34. The following properties are equivalent for all
finite-trace LTL formula ¢: (1) ‘e @5 (2) e @5 (3)
Tl g: (4) TTL £ o,

Therefore, finite-trace LTL can be regarded as a theory con-
taining two axioms, (FiN) and (Lin), over the same signature
as the theory corresponding to modal p-logic.

3) Instance: CTL: CTL’s models are transition systems
which are infinite into the future and allow states to have a
branching future (rather than linear). The syntax of CTL is

p:=pePVArR | pAg|-p|AXp |EXp | pAU ¢ | pEU

extended with the following derived constructs:

EFy = true EU ¢ AGy = -EF-¢p

AFp = true AU ¢ EGy = -AG-¢p
The names of the CTL modalities suggest their meaning: the
first letter means either “on all paths” (A) or “on one path” (E),
and the second letter means “next” (X), “until” (U), “always”
(G), or “eventually” (F). For example, “AX” is “all-path next”,
“EU” is “one-path until”, etc. We refer readers to [34] for
CTL definitions, semantics and proof system. Here we denote
its validity and provability as “kct.” and “Fcr.”, respectively.

To define CTL as an MmL theory, we add only the axiom
(InF) for infinite future and use the following syntactic sugar:

AXyp = op ©1AU @y = uf. @2 V(1 Aof)

EXyp = o ¢1 EU g = uf. @2 V(p1 Aef)
The resulting ¥ "S-theory is denoted as I'°T,
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Theorem 35. For all CTL formula ¢, the following are
equivalent: (1) Ferr @; (2) ket @; (3) TCTE v @) (4) TCTE & o

Therefore, CTL can be regarded as a theory over the same
signature as the theory corresponding to modal u-logic, but
containing one axiom, (INF). It may be insightful to look at
all three temporal logics discussed in this section through the
lenses of MmL, as theories over a unary symbol signature:
modal p-logic is the empty and thus the least constrained
theory; CTL comes immediately next with only one axiom,
(InF), to enforce infinite traces; infinite-trace LTL further
constrains with the linearity axiom (Lin); finally, finite-trace
LTL replaces (Inr) with (Fin). We believe that MmL can serve
as a convenient and uniform framework to define and study
temporal logics. For example, finite-trace CTL can be trivially
obtained as the theory containing only the axiom (Fv), LTL
with both finite and infinite traces is the theory containing only
the axiom (Lin), and CTL with unrestricted (finite or infinite
branch) models is the empty theory (i.e., modal u-logic).

E. Instance: dynamic logic

Dynamic logic (DL) [11]]-[13]] is a common logic used for
program reasoning. The DL syntax is parametric in a set PVArR
of propositional variables and a set APom of atomic programs,
each belonging to a different formula syntactic category:

@ i=pePVAR | ¢ — ¢ | false | [a]y
a=a€APeMm |a;a|aVUa|a®|¢?

The first line defines propositional formulas. The second line
defines program formulas, which represent programs built
from atomic ones with the primitive regular expression con-
structs. Define (@) = —[a](—¢). Common program constructs
such as if-then-else, while-do, etc., can be defined as derived
constructs using the four primitive ones; see [|11]]—[|13]]. We let
“epL” and “rp_” denote the validity and provability of DL.

It is known that DL can be embedded in the variant of
modal p-logic with multiple modalities [33|]. The idea is to
define a modality [a] for every atomic program a € APcm,
and then to define the four program constructs as least/greatest
fixpoints. We can easily adopt the same approach and associate
an empty MmL theory to DL, over a signature containing
as many unary symbols as atomic programs. However, MmL
allows us to propose a better embedding, unrestricted by the
limitations of modal p-logic. Indeed, the embedding in [33]]
suffers from at least two limitations that we can avoid with
MmL. First, sometimes transitions are not just labeled with
discrete programs, such as in hybrid systems [35] and cyber-
physical systems [36] where the labels are continuous values
such as elapsing time. We cannot introduce for every time
t € Ry a modality [t], as only countably many modalities are
allowed. Instead, we may want to axiomatize the domains of
such possibly continuous values and treat them as any other
data. Second, we may want to quantify over such values, be
they discrete or continuous, and we would not be able to do
so (even in MmL) if they are encoded as modalities/symbols.

Let us instead define a signature (of labeled transition

LT LT LT
systems) YT = ({State,Pgm},Z/lﬁgm U{e € Zpgf‘nslm’slwe})
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where the “one-path next” e is a binary symbol taking an ad-
ditional Pgm argument, and for all atomic programs a € APom
we add a constant symbol a € T3 . Just as all ¥™-models
are exactly transition systems (Section [VII-B]), we have that all
Y "S_models are exactly labeled transition systems. We define

compound programs as derived constructs as follows:

()¢ = o(a,¢) la]p = ~(a)-¢

(SEQ) [a; Ble = [a][Ble  (Cuoick) [a U Ble = [ale A [Ble
(Test) [Y?e =W — @) (ter) [@"]g = vf. (¢ Ala]f)

Like for the embedding of modal u-logic (Section |VII-B), no
axioms are needed. Let I'°" denote the empty ¥'"S-theory.

Theorem 36. For all DL formulas ¢, the following are
equivalent: (1) FpL ¢; (2) EpL ¢; (3) | o ©; (4) | et @.

We point out that the iterative operator [a@*]¢ is axiomatized

with two axioms in the proof system of DL (see, e.g., [13]):

(DL-ITER) ¢ Alalla’]e & [

(DL-ItER)) ¢ A al(e — [ale) — [a']e
while we just regard it as syntactic sugar, via (ITER). One may
argue that (ITER) desugars to the v-binder, though, which obeys
the proof rules (Pre-FixpoinT) and (KNASTER-TARsKI) that
essentially have the same appearance as (DL-ITer;) and (DL-
ITER). We agree. And that is exactly why we think one should
work in one uniform and fixed logic, such as MmL, where
general fixpoint axioms are given to specify and reason about
any fixpoint properties of any domains and to develop general-
purpose automatic tools and provers, rather than designing
special-purpose logics and tools that work on only certain
domains and then extending existing logics or designing new
logics when new domains are considered.

VIII. INSTANCE: REACHABILITY LOGIC

Reachability logic (RL) [2] is an approach to program ver-
ification using operational semantics. Different from other ap-
proaches such as Hoare-style verification, RL has a language-
independent proof system that offers sound and relatively com-
plete deduction for all languages. RL is the logic underlying
the K framework [37]], which has been used to define the
formal semantics of various real languages such as C [3]],
Java [4], and JavaScript [3]], yielding program verifiers for all
these languages at no additional cost [6].

In spite of its generality w..t. languages, reachability
logic is unfortunately limited to specifying and deriving only
reachability properties. This limitation was one of the factors
that motivated the development of MmL. Fig. [§|shows a few of
RL’s proof rules; notice that unlike Hoare logic’s proof rules,
RL’s proof rules are not specific to any particular programming
language. The programming language is given through its
operational semantics as a set of axiom rules, to be used via
the (Axiom) proof rule. The characteristic feature of RL is its
(CircuLarITY) rule, which supports reasoning about circular
behavior and recursive program constructs. In this subsection,
we show how RL is faithfully defined in MmL and all its proof
rules, including (CiRcULARITY), can be proved in MmL.
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(Axion) pr=>¢€cA
XIOM
Arc o1 = ¢
Arcpoi= ¢ AUCHE @ = g3
(TRANSITIVITY)
Arc o1 = ¢3
Mg —¢l Arc gl = ¢y MUk —¢
(CONSEQUENCE)
Arc o=@
Atcuipi=e) 1= ¢2
(CIRCULARITY)

Arc o1 = ¢
Fig. 2. Some selected proof rules in the proof system of reachability logic
A. RL syntax, semantics, and proof system

RL is parametric in a model of ML (without u) called
the configuration model. Specifically, fix a signature (of static
program configurations) Y9 which may have various sorts
and symbols, among which there is a distinguished sort Cfg.
Fix a Y°9-model M9 called the configuration model, where
Mgfi is the set of all configurations. RL’s formulas are called
reachability rules, or simply rules, and have the form ¢; = ¢,
where @1, ¢, are ML (without y) ¥%9-patterns. A reachability
system S is a finite set of rules, which yields a transition system
S= (Mc}gg, R) where s Rt if there exist a rule ¢; = ¢y € S
and an M®9-valuation p such that s € p(¢;) and ¢ € p(¢2). A
rule ¥ = ¥ is S-valid, denoted S Er. ¥ = Y, if for all
Mgcgg-valuations p and configurations s € p(y), either there is
an infinite trace s Rty Rtz R... in S or there is a configuration
t such that s R* r and t € p(y). Therefore, the validity in
reachability logic is defined in the spirit of partial correctness.

The sound and relatively complete proof system of RL
derives reachability logic sequents of the form A F¢c ¢1 = ¢
where A (called axioms) and C (called circularities) are finite
sets of rules. Initially we start with A = § and C = 0.
As the proof proceeds, more rules can be added to C via
(CircurLArITY) and then moved to A via (TRANSITIVITY),
which can then be used via (Axiom). We write S kg ¥1 = ¥»
to mean that S ¢ ¥; = ¥». Notice (CONSEQUENCE) consults
the configuration model M9 for validity, so the completeness
result is relative to M®9. We recall the following result [2]:

Theorem 37. For all reachability systems S satisfying some
reasonable technical assumptions (see [2]]) and all rules y; =
Yo, we have S gL W1 = Y if and only if S R ¥ = Y.
B. Defining reachability logic in matching u-logic

We define the extended signature IRt = Y0U{o € Zcy, cre}

where “eo” is a unary symbol (one-path next). To capture the

semantics of reachability rules ¢; = ¢,, we define:

“weak eventually” ¢, =vX.@V eX //equal to “WFV ¢¢p

“reaching star” ¢ =" @2 = ¢ = O
“reaching plus” ¢ =% 2 = ¢ — €0,

Notice that the “weak eventually” ¢,,¢ is defined similarly
to “eventually” ¢¢ = uX.p VvV eX, but instead of using least
fixpoint u-binder, we define it as a greatest fixpoint. One
can prove that ¢,,0 = “WF V ¢¢, that is, a configuration y
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satisfies ¢, ¢ if either it satisfies ¢¢, or it is not well-founded,
meaning that there exists an infinite execution path from 7.
Also notice that “reaching plus” ¢; =% ¢, is a stronger
version of “reaching star”, requiring that ¢, ¢, should hold
after at least one step. This progressive condition is crucial to
the soundness of RL reasoning: as shown in (TRANSITIVITY),
circularities are flushed into the axiom set only after one
reachability step is established. This leads us to the following
translation from RL sequents to MmL patterns.

Definition 38. Given a rule ¢; = ¢, define the MmL pattern
E(e1 = ¢2) = O(¢; =7 ¢2) and extend it to a rule set A as
follows: A = Ay oy, ea D(p1 = ¢2). Define the translation
RL2MmL from RL sequents to MmL patterns as follows:

RL2MmL(A k¢ ¢ = @) = (YEA) A (YoIC) — (01 =™ ¢2)

where * =  if C is empty and * = + if C is nonempty. We
use V¢ as a shorthand for VX.¢ where X = FV(yp).

Hence, the translation of A ¢ ¢; = ¢, depends on whether
C is empty or not. When C is nonempty, the RL sequent is
stronger in that it requires at least one step in ¢ = ;.
Axioms (those in A) are also stronger than circularities (those
in C) in that axioms always hold, while circularities only hold
after at least one step because of the leading all-path next “o”;
and since the “next” is a “weak” one, it does not matter which
step is actually made as circularities hold on all next states.

Theorem 39. Let TR = {¢ € PATTERNI‘C/’]% | M9 £ @} be the
set of all ML patterns (without p1) of sort Cfg that hold in M9,
For all RL systems S and rules @1 = ¢, satisfying the same
technical assumptions in [2|], the following are equivalent: (1)
SrRL @1 = @2, (2) S ERL 91 = @25 (3) TR F RL2MmL(S ko
Y = (,02),' (4) A RL2MmL(S Fop o1 = (,02).

Therefore, provided that an oracle for validity of ML
patterns (without y) in M®9 is available, the MmL proof
system is capable of deriving any reachability property that
can be derived with the RL proof system. This result makes
MmL an even more fundamental logic foundation for the K
framework and thus for programming language specification
and verification than RL, because it can express significantly
more properties than partial correctness reachability.

IX. FUuTurRE AND RELATED WORK

We discuss future work, open problems, and related work.

A. Relation to modal logics

Due to the duality between ML symbols and modal logic
modalities (Section Proposition [I2), ML can be regarded
as a non-trivial extension of modal logics. There are various
directions to extend the basic propositional modal logic in the
literature [17]. One is the hybrid extension, where first-order
quantifiers “V” and “3” are added to the logic, as well as
state variables/names that allow to specify one particular state.
Another is the polyadic extension, where modalities can take
not just one argument, but any number of arguments, and there
can be multiple modalities. ML can be seen as a combination
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of both extensions, further extended with multiple sort uni-
verses. The completeness of H (Theorem also extends the
completeness results of its fragment logics, including hybrid
modal logic [18] and many-sorted polyadic modal logic [38].

B. Stronger completeness results of H

There are various notions of completeness in modal logics.
We give three of them under the context of ML and its proof
system H, from the strongest to the weakest:

« Global completeness: I' Eq. ¢ implies ' gy ;5
« Strong local completeness: I’ l:}\jl’ﬁ ¢ implies I’ kl(off ®;
o Weak local completeness: kg ¢ implies kg ¢;

where I' !:}\jl’ﬁ @, called local semantic entailment, is defined as

for all models M, all valuations p, and all a € M, if a € p(y)
for all ¢ € T then a € p(¢); T +H5f ¢, called local provability,
is defined as there exists a finite subset I'y Cg, I' such that kg
Ay — ¢, where Al is the conjunction of all patterns in T.
The completeness result for 7 that we present in Theorem
is a weak local completeness result, but the way we actually
prove it is by proving the strong local completeness theorem
and then let I' = (. We did not present in this paper the strong
local completeness theorem due to its complex form.

What is not known and left as future work is global
completeness. Theorem [I5] shows that global completeness
holds when I" contains definedness symbols and axioms.

C. Alternative semantics of matching u-logic

MmL cannot have a sound and complete proof system
because we can precisely define (N, +,X) (see Proposition 23).
On the other hand, the proof system 7, turned out to be strong
enough to prove all the proof rules of all the proof systems
of all the logics discussed in this paper. Therefore, a natural
question is whether we can find alternative models for MmL
that make 7, complete. A promising direction towards such
an alternative semantics is to consider the so-called Henkin
semantics or general semantics, where the least fixpoint pattern
uX. ¢ is not evaluated to the true least fixpoint in the models,
but to the least fixpoint that is definable in the logic.

X. CONCLUSION

We made two main contributions in this paper. Firstly, we
proposed a new sound and complete proof system H for
matching logic (ML). Secondly, we extended ML with the least
fixpoint u-binder and proposed matching p-logic (MmL). We
showed the expressiveness of MmL by defining a variety of
common logics about induction/fixpoints/verification in MmL.
We hope that MmL may serve as a promising unifying foun-
dation for specifying and reasoning about induction, fixpoints,
as well as model checking and program verification.

REFERENCES

[1] G. Rosu, “Matching logic,” Logical Methods in Computer Science,
vol. 13, no. 4, 2017.

[2] G. Rosu, A. Stefdnescu, c. Ciobacd, and B. M. Moore, “One-path
reachability logic,” in Proceedings of the 28th Symposium on Logic in
Computer Science (LICS’13). 1EEE, Jun. 2013, pp. 358-367.



[3]

[5

=

[6

=

[7]
[8]

[10]

(11]

[12]
[13]

[14]

[15]
[16]
[17]
[18]
[19]
[20]

[21]

[22]

[23]

[24]
[25]
[26]
[27]
(28]
[29]
[30]

[31]

Techni cal

C. Hathhorn, C. Ellison, and G. Rosu, “Defining the undefinedness of C,”
in Proceedings of the 36th ACM SIGPLAN Conference on Programming
Language Design and Implementation (PLDI’15). ACM, Jun. 2015, pp.
336-345.

D. Bogddnas and G. Rosu, “K-Java: A complete semantics of Java,”
in Proceedings of the 42nd Symposium on Principles of Programming
Languages (POPL’15). ACM, Jan. 2015, pp. 445-456.

D. Park, A. Stefénescu, and G. Rosu, “KJS: A complete formal semantics
of JavaScript,” in Proceedings of the 36th ACM SIGPLAN Conference on
Programming Language Design and Implementation (PLDI’15). ACM,
Jun. 2015, pp. 346-356.

A. Stefanescu, D. Park, S. Yuwen, Y. Li, and G. Rosu, “Semantics-based
program verifiers for all languages,” in Proceedings of the 2016 ACM
SIGPLAN International Conference on Object-Oriented Programming,
Systems, Languages, and Applications (OOPSLA’16). ACM, Nov. 2016,
pp. 74-91.

Y. Gurevich and S. Shelah, “Fixed-point extensions of first-order logic,”
Annals of pure and applied logic, vol. 32, pp. 265-280, 1986.

D. Kozen, “Results on the propositional pu-calculus,” Theoretical
Computer Science, vol. 27, no. 3, pp. 333-354, 1983, special
Issue Ninth International Colloquium on Automata, Languages and
Programming (ICALP) Aarhus, Summer 1982. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/0304397582901256

A. Pnueli, “The temporal logic of programs,” in Foundations of Com-
puter Science, 1977., 18th Annual Symposium on. 1EEE, 1977, pp.
46-57.

G. Rosu, “Finite-trace linear temporal logic: Coinductive completeness,”
Formal methods in system design, vol. 53, no. 1, pp. 138-163, 2018.
M. J. Fischer and R. E. Ladner, “Propositional dynamic logic of regular
programs,” Journal of computer and system sciences, vol. 18, no. 2, pp.
194-211, 1979.

D. Harel, “Dynamic logic,” in Handbook of philosophical logic.
Springer, 1984, pp. 497-604.

D. Harel, D. Kozen, and J. Tiuryn, “Dynamic logic,” in Handbook of
philosophical logic. Springer, 2001, pp. 99-217.

K. Futatsugi and J.-P. Jouannaud, Algebra, meaning, and computation:
Essays dedicated to Joseph A. Goguen on the occasion of his 65th
birthday. Springer Science & Business Media, 2006, vol. 4060.

Y. Imai and K. Iséki, “On axiom systems of propositional calculi,”
Proceedings of the Japan Academy, vol. 41, no. 6, pp. 436-439, 1965.
A. G. Hamilton, Logic for mathematicians. Cambridge University Press,
1988.

P. Blackburn, J. van Benthem, and F. Wolter, Handbook of modal logic.
Elsevier, 2006, vol. 3.

P. Blackburn and M. Tzakova, “Hybrid completeness,” Logic Journal of
IGPL, vol. 6, no. 4, pp. 625-650, 1998.

P. Blackburn, M. d. Rijke, and Y. Venema, Modal logic.
NY, USA: Cambridge University Press, 2001.

A. Tarski, “A lattice-theoretical fixpoint theorem and its applications,”
Pacific journal of Mathematics, vol. 5, no. 2, pp. 285-309, 1955.

J. A. Goguen, J. W. Thatcher, E. G. Wagner, and J. B. Wright, “Initial
algebra semantics and continuous algebras,” Journal of the ACM, vol. 24,
no. 1, pp. 68-95, 1977.

K. Godel, On formally undecidable propositions of principia Mathemat-
ica and related systems. Courier corporation, 1992.

A. I. Malc’ev, “Axiomatizable classes of locally free algebras of various
type,” The Metamathematics of Algebraic Systems: Collected Papers,
vol. 1967, pp. 262-281, 1936.

L. Lowenheim, “Uber moglichkeiten im relativkalkiil,” Mathematische
Annalen, vol. 76, no. 4, pp. 447-470, 1915.

G. Peano, Arithmetices principia: Nova methodo exposita.
Bocca, 1889.

E. Mendelson, Introduction to mathematical logic.
MA, 1979.

M. Schénfinkel, “Uber die Bausteine der mathematischen Logik,” Math-
ematische annalen, vol. 92, no. 3-4, pp. 305-316, 1924.

H. B. Curry, Combinatory logic. Amsterdam: North-Holland Pub. Co.,
1958.

A. Church, “A formulation of the simple theory of types,” The journal
of symbolic logic, vol. 5, no. 2, pp. 56-68, 1940.

S. Kreutzer, “Pure and applied fixed-point logics,” Ph.D. dissertation,
Bibliothek der RWTH Aachen, 2002.

C. A. R. Hoare, “An axiomatic basis for computer programming,”
Communications of ACM, vol. 12, no. 10, pp. 576-580, 1969.

New York,

Fratres

Springer, Boston,

Report http://hdl.handl e. net/2142/102281,

(32]

(33]
(34]

[35]

[36]

[37]

[38]

January 2019

I. Walukiewicz, “Completeness of Kozen’s axiomatisation of the propo-
sitional p-calculus,” Information and Computation, vol. 157, no. 1-2,
pp. 142-182, 2000.

G. Lenzi, “The modal u-calculus: A survey,” Task quarterly, vol. 9,
no. 3, pp. 293-316, 2005.

E. A. Emerson, “Temporal and modal logic,” in Formal Models and
Semantics. Elsevier, 1990, pp. 995-1072.

R. Alur, C. Courcoubetis, T. A. Henzinger, and P.-H. Ho, “Hybrid
automata: An algorithmic approach to the specification and verification
of hybrid systems,” in Hybrid systems. Springer, 1993, pp. 209-229.

E. A. Lee, “Cyber physical systems: Design challenges,” in IIth
IEEE Symposium on Object Oriented Real-Time Distributed Computing
(ISORC). 1EEE, 2008, pp. 363-369.

G. Rosu, “K—A semantic framework for programming languages and
formal analysis tools,” in Dependable Software Systems Engineering, ser.
NATO Science for Peace and Security, D. Peled and A. Pretschner, Eds.
10S Press, 2017.

I. Leustean and N. Moanga, “A many-sorted polyadic modal
logic,” CoRR, vol. abs/1803.09709, 2018. [Online]. Available: http:
//arxiv.org/abs/1803.09709


http://www.sciencedirect.com/science/article/pii/0304397582901256
http://arxiv.org/abs/1803.09709
http://arxiv.org/abs/1803.09709

Techni cal

APPENDIX A
MaTtcHING Locic PrRooF SYSTEM P

We show the matching logic proof system % proposed in [/1]
in Fig. 3

APPENDIX B
PROOF OF THEOREM

We prove the soundness theorem of H (Theorem [13). We
only discuss ML (without u) in this section, so we drop all
unnecessary annotations. Specifically, we abbreviate “ky” as
“e” and “Fg/” as “F.

We write p; ~ p, to mean that py,p, differ only at x.
As in FOL, we can prove that p(Vx.¢) = Naem pla/x](e) =
N{p'(p) | p/ ~ p} and p3Ex.¢) = Ugem pla/xl(p) =
U0 (@) | p” = p}.

Lemma 40. The following propositions hold:

D F @1 — (p2 = ¢1)

2) o1 = (o2 = 93) = (01 = ¢2) = (1 = ¢3)
3) E (=1 = =p2) = (2 — ¢1)

4) M,pE @1 and M,p E @1 — @y imply M,p E ¢
5) EVx.o — ¢[y/x]

6) EVx.(¢1 = @) — o1 = Vx.p if x ¢ FV(¢1)
7) M E ¢ implies M £ Vx.¢

8) ECy[L] = L

9) EColer V2] = Cole1] vV Colg2]
10) E Co[Ix.¢] = Ix.Cole] if x ¢ FV(Coy[Ix.¢])
11) M,p e @1 — ¢ implies M,p £ Co-[01] = Coe2]
12) £ 3dx.x
13) £ =(Ci[x A o] A Cox A =¢])

where ¢, ¢1,¢2, 3 are patterns, x,y are variables, o is a
symbol, Cy is a single symbol context, Ci,C, are nested
symbol contexts, M is a model, and p is a valuation.

Proof: Some of the propositions are proved in [1f]. To
make this proof self-contained, we present the proofs of all
propositions. Let M be a model and p be a valuation.

(D) pler = (w2 = ¢1)) = p(=g1) U ple2 — ¢1) = (M \
(1)) U p(=¢2) U p(g1) = M.

(2) pler = (g2 = ¢3) = (p1 = ¢2) = (o1 = ¢3)) =
p=(er = (o2 = @3) U pl(@1 = ¢2) = (o1 = ¢3) =
(P(e1) N (P(=(p2 = ¢3))) U p(=(p1 = ¢2)) U ple1 — ¢3) =
(P(e1) N plp2) N (M \ pe3))) U (p(e1) N (M \ pe2))) U (M \
plp1)) U plg3) = M.

(3) plmp1 = —2) — (w2 = ¢1) = p(=(—g1 — @2)) U
(g2 = ¢1) = (M \ p(=p1 = =¢2)) U (M \ p(p2)) U pleg1) =
(M \ (p(==¢1) U p(=¢2))) U (M \ p(¢2)) U ple1) = (M \ (M \
M\ p(e1) UM\ p(92)))U (M \ p(g2)) U p(e1) = (M\(p(e1)V
(M \ p(¢2)) U (M \ p(g2)) U p(g1) = M.

4 M,pE @1 — ¢2,50 plp1 = ¢2) = (M\ ple1)Up(g2) =
M, and thus p(p;) C p(¢2). Because M,p E ¢y, p(ep1) = M,
and thus p(¢y) = M.

(5) p(Vx.0 = ¢ly/x]) = (M \ p(Vx.9)) U p(ely/x]) = (M \
N (" (@)U p5 () where py, = p[p(y)/x] and p’ ~ p. Notice
that py ~ p. Thus ,/(p"(¢)) € (), and (M \ (0" () U
py(p) =M.
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(6) If suffices to show p(Vx.(¢1 — ¢2) C plp1 — Vx.¢).
Notice that 5(¥x.(g1 = ¢2)) = (s /({1 = ¢)) = Ny (M \
p'(¢1)) U p'(¢2)) where p’ ~ p. Since x ¢ FV(p1), p'(¢1) =
P(e1), and thus (1, (M \ p" (1)U p(¢2)) = N (M \ p(e1))U
P'(g2)) = (M \ p(e1)) U Ny (p'(¢2)) = ple1 = Vx.2).

(N p(Vx.0) =Ny p'(¢) where p’ ~ p, so it suffices to show
p'(¢) = M for any p’. Since F ¢, we have M, p’ F ¢, and thus
p'(p)=M.

8) p(Cy[L] = L) =M\ p(Cs[1L]), so it suffices to show
P(Co[L]) = 0. In fact, p(o(...L...)) =op(...0p(L)...) =

(9) It suffices to show p(Col(er V ¢2)) S p(Colen]
Colea]). In fact, p(Coler V ¢2)) = plo(...(p(¢1)
ple2))...)) = om(..ple1)...) U om(..p(e)...)
P(Cole1]) U p(Cole2]) = p(Coler] Vv Cole2]).

(10) It suffices to show p(Cy-[3x.¢]) € p(Ix.Cy[¢]). In fact,
A(ColFx.]) = plo(...3x.p...)) = om(...pEx.¢)...) =
om(-. Uy p(@)...) = Upom(..pp)...) =
p(3x.Cy[p]) where p’ < p. Notice that we can move
the big union (J, from the argument to the top without
affecting other arguments because x ¢ FV(Cy,[3x.¢]).

(11) It suffices to show p(Cyle1]) € p(Cyle2]). Notice
that £ @1 — ¢2, s0 p(¢1) S p(¢2), and thus, p(Co[p1]) =
om(...ple1)...) Com(...p(g2)...) = p(Cole2l).

(12) p(Exx) = Up(p'(x) = Uy (p/(x)} where o’
Notice U, {p'(x)} = Usem{al =M.

(13) It suffices to show that either p(Ci[x A ¢]) or p(Ca[x A
—p]) is the empty set. For every nested symbol context C,
use the same technique in (8) and structural induction, we can
prove that if p(¢) = 0 then p(C[y¥]) = 0. Therefore, we just
need to prove that either p(x A ¢) or p(x A =) is the empty
set. If p(x) ¢ p(p), then the former is empty. Otherwise, the
latter is empty.

Now we are ready to prove Theorem [I3]

Proof of Theorem [I3} Carry out induction on the length
of the Hilbert-style proof I' + ¢.

(Base Case). Suppose the length is 1. Then ¢ is either an
axiom in H or ¢ € I'. If ¢ is an axiom, then £ ¢ by Lemma 0}
If ¢ €T, then T" £ ¢ by definition.

(Induction Step). Suppose the proof I' + ¢ has n + 1 steps:

I cC <

X
|

Plse s Pns P+l with gpe1 = ¢

By induction hypothesis, I' £ ¢; ,..., ' F ¢,. If ¢ is an
axiom or ¢ € I', then F ¢ by for the same reason as in (Base
Case). If the last step is one of (Mopus PoNENs), (UNIVERSAL
GENERALIZATION), or (FRaAMING), then I" £ ¢ by Lemma @
cases (4), (7), and (11), respectively. |

AprpPenDIX C
PRrOPERTIES OF PROOF SYsTEM H

We discuss properties of H. In particular, we prove Propo-
sition [12] and Theorem [14]

Our final goal is to prove all proof rules in # using the proof
system H plus (DEFINEDNESS) axioms, i.e., Theorem

We only discuss ML (without ) in this section, so we drop
all unnecessary annotations. Specifically, we abbreviate “ky_”
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(ProrosiTIONAL TAUTOLOGY)

@, if ¢ is a proposition tautology over patterns of the same sort

Y1 1= P2
(Mobus PoNENS) ©
(FUNCTIONAL SUBSTITUTION) Vx.0) A @Qy.¢" =y) = ¢[¢’/x] if y & FV(¢)
) Vx.(p1 = @2) = (o1 = Vx.@) if x ¢ FV(¢1)
¥
(UN1VERSAL GENERALIZATION)  VXx.¢
(EqQuaLITY INTRODUCTION) =g

(EQuALITY ELIMINATION)

(o1 = @2) AYle1/x] = ¥lea/x]

¥
Vx.(x € )
Vx.(x € )

(MEMBERSHIP INTRODUCTION)

(MEMBERSHIP ELIMINATION)
(MEMBERSHIP VARIABLE)
(MEMBERSHIP-,)
(MEMBERSHIP A )
(MEMBERSHIP3)
(MEMBERSHIP SYMBOL)

if x

if x ¢ FV(p)

¢ FV(p)

[
(xey)=(x=y)
(x € =) = =(x € o)
(x €1 Ag2)=(x €p1)A(x € )
(x € y.p) = Ay.(x € ¢), where x and y distinct.
x € Colp]l =Ty.(y € ) A (x € Coly]) if y € FV(Cole])

Fig. 3. Sound and complete matching logic proof system % with definedness symbols

as “E” and “F¢y” as “+”. We sometimes call a nested symbol
context just a symbol context (see Definition [I0).

Proposition 41 (Sound FOL Reasoning). Let ¥ = (S,X) be
a matching logic signature. Let (S,I1,F) be any first-order
logic signature with 11 = {Il;}scs a set of constant predicate
symbols and F = 0 a set of function symbols. For any
predicate logic formula ¥Y(ny,...,n,) where nty,...,m, € II,
if Y(my,...,my) is derivable in FOL, then Y(¢y,...,¢n) is
derivable in matching logic, where ¢; has the same sort as n;
for1 <i<n

Proof: Notice that F = 0, so the only FOL terms are
variables. Under that condition, the first seven rules in Fig. E]
form a complete FOL proof system as in [16]. ]

Proposition 42 (Sound Frame Reasoning). For any o €
Zsy...sn.s and @i, ] € PATTERNy; such that T' v ¢; — ¢ for
any 1 <i < n, then T + o(¢1,...,0n) = 0(¢],....¢,). For
any symbol context C and ¢;,¢; such that T v ¢; — ¢, then
'+ Cle] — Clg;]

Proof: For the first case, it suffices to show that

T o(en @2, .0n) = (@02, ... 0n)
T+ o(@l @2, .i0n) = 0(@, @5 .. 0n)
TFo( @ son) = (@1, 05 . ..o 0)

which directly follow by (FrRaAMING).

For the second case, the proof is by structure induction on
C. If C is the identity context, the conclusion is obvious. If C
has the form C,[C’], the conclusion follows from induction
hypothesis and (FRAMING). ]

Proposition 43 (Propagation through Symbol Contexts). For
any symbol context C and patterns ¢1,¢2,¢, the following
propositions hold.

e 'H(C[L] e L

o« ' Cle1 V@] & Cle1] Vv Clea]
e T+ C[3x.¢] & 3x.Clo] if x ¢ FV(C[3x.¢])

The following results are often useful in practice, whose proofs
can be obtained by standard propositional reasoning with the
above propositions:

o T'rClei Vol iff T+ Clei] v Clea]
e I'F C[Ax.@] iff T + Ix.Cle] if x ¢ FV(C[Ix.¢])

Proof: The proof is by structure induction on the symbol
context C. If C is the identity context then the conclusion
is obvious. Now assume C = C,[C’] where C’ is a symbol
context for which the conclusion holds.

Firstly, let us prove I' + C,[C’[L]] & L. The implication
from right to left is by simple propositional reasoning. For the
other direction, notice by induction hypothesis I' - C’[L] — L
and by (FrRamING) T' + C5[C’[L]] — Cs[L]. In addition by
(PropaGATION, ), I' F Cir[L] — L, and the rest of the proof is
by standard propositional reasoning.

Secondly, let us prove I' + Co-[C'[¢1 V ¢2]] & Co[C'[e1]]V
Co[C’[¢2]]. For the implication from right to left, it suffices
to prove I' + Co-[C'[¢i]] = Co[C’[¢1 V ¢2]] for i = 1,2. By
(FramiNG), it suffices to prove I' + C’[¢;]] — C'[¢1 V @3],
which follows from the induction hypothesis. For the implica-
tion from left to right, the proof is the same as how we proved
'+ Cy[C’[L]] — L, while instead of (PROPAGATION, ) we use
(PROPAGATIONY) ).

Finally, let us prove I' + C-[C'[3x.¢]] < Tx.C,[C’[¢]] for
x ¢ FV(Cy[C'[3x.¢]]). In fact the proof is the same as above,
while instead of (PROPAGATIONy) we use (PROPAGATIONS). H



Techni cal

Proposition 44 (Congruence of Provably Equivalence). For
any context C (not necessarily just symbol context), I + @1 &
¢ implies T+ Clg1] & Clga].

Proof: The proof is by induction on the structure of C.
If C is the identity context the conclusion is obvious. If C is
of the form =C’,  — C’, or C’ —  where C’ is a context
and ¢ is a pattern (notice ¢ does not have the placeholder
variable O in it), the conclusion is by standard propositional
reasoning. If C has the form Vx.C’, the conclusion follows
from standard FOL reasoning. If C has the form C,[C’], the
conclusion follows from Proposition 2] ]
Proposition [44] allows us to in-place replace ¢; for ¢,
in any context as long as + ¢| < ¢, which is obviously
a powerful and convenient result. In some of the following
proofs, when we carry out structural induction on a pattern ¢,
we take I = {A,—,3} as primitives instead of J = {—,—,V}
for technical simplicity. Proposition #4] justifies this approach,
as we can transform any pattern ¢ to another pattern, say (pl ,
that uses only constructs in / and + ¢ <> ¢!. Then, ¢ and ¢’
are interchangeable in any context.

Definition 45. Define the dual of a symbol o as follows:

5’((,01,...,(,0n) = —|O'(—l(p1,...,—|(pn).

Lemma 46. T + ¢ implies T + ~C[~¢] for symbol context C.

Proof:

Lo hypothesis

2| mp—> L by 1, FOL reasoning

3 | C[-¢] = C[L] by 2, (FRAMING)

4| ClL]—- L by (PROPAGATION)

5| Cl-¢]l > 1L by 3 and 4, FOL reasoning
6 | ~C[-¢] by 5, FOL reasoning

|

Now we are ready to prove Proposition [12]

Proof of Proposition [IZ} Let the single symbol context
Co =0(@1,. . 0i—1,0,0i+1,- - ., py) for some symbol o € X.

(K). Note that we just need to prove the case of one
argument, i.e., to prove + =Cy[=(¢ — ¢')] = =Cy[-¢] —
—Cy[—¢’]. The case of multiple arguments can be incremen-
tally proved by simple propositional reasoning.

To prove the “one argument” case, we apply simple proposi-
tional reasoning and obtain + Cy-[@A @'V Cy [—]V-Cox[-¢’].
By Proposition the goal becomes + Cy-[(¢ A ¢') V =] V
=Cy[¢’], ie., F Col@’ V]V ~Cy[~¢’]. By Proposition
again, we obtain + C,[¢’] V Cx[—¢] V =Cyx[—¢’]. Done.

(N) is proved in Lemma [46] letting C to be C. ]

In what follows, we move towards proving Theorem [T3] by
showing that all proof rules of # in Fig. [3| can be proved in
H. We will need (a lot of) lemmas.

The next lemma is useful in establishing an equality.

Lemma 47. T+ ¢ & ¢ implies T + ¢1 = ¢).
Proof:
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1| ¢ o ¢ hypothesis
2 | =[=(p; & ¢)] by, Lemma
3| 1= by 2, definition of equality
|
Lemma 48. (EguaLity INTRODUCTION) can be proved in H.
Proof:
1 | ¢ & ¢ propositional tautology
2| o=¢ byl Lemma
|

Lemma 49. (MemBersuip INTRODUCTION) can be proved in H.

Proof:
1 ® hypothesis
2 | ¢ > (x—>¢) (PROPOSITION])
3 x> by 1 and 2, (Mopus PoNENS)
4 X — X propositional tautology
5 X—= XA by 3 and 4, FOL reasoning
6 [x] = [x A¢@] by 5, (FRAMING)
7 [x] definedness axiom
8 [x A ¢] by 6 and 7, (Mopus PoNENs)
9 X € by 8, definition of membership
10 | Vx.(x € p) by 9, (UNIVERSAL GENERALIZATION)

Lemma 50. (MemBersHip ELIMINATION) can be proved in H.

Proof:
1 | Vx.(x € p) hypothesis
Vx.(x € @) (VARIABLE SUBSTITUTION)
—SXxEP
3 xXeep by 1 and 2, (Mopus PONENS)
4 [x A @] by 3, definition of membership
5 =([x A @] (SINGLETON VARIABLE)
Ax A =)
6 [x A ] by 5, FOL reasoning
= (x> ¢)
7 xX—¢ by 4 and 6, (Mopus PONENS)
8 | Vx.(x - o) by 7, (UNIVERSAL GENERALIZATION)
9 | FAxx)—> o by 8, FOL reasoning
10 | dx.x (EXISTENCE)
11| ¢ by 10 and 9, (Mopus PoNENs)

Lemma 51. (MemBersHip VARIABLE) can be proved in H.

Proof: By Lemma we just need to prove both  (x €
y) > (x = y)and + (x = y) > (x € y). We first prove
Fx=y)—=((xey).



We then prove + —(x € ¢) —
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[x]

[x]V [y

[xVy]

[=(x & y) V(xAY)]
[=(x & )TV [xAy]

o) WLV, SOV I S R

(x€y)
We then prove + (x € y) —

(x=y) -

(x

“([x AYTATx A=y])
“([x AYTAT=x A Y]

[x Ayl — =[x A=yl

[x Ayl = =[x A Y]

[x Ayl

— a[x A=yl A=[=x A Y]
[x A Y]

= ([x A=yTV[=xAY])
7 [xAy]

— A[(x A=y) vV (mx A y)]
8 | Tx Ayl = ~[~(x & y)]
9| (xey) > (x=y)

O O R S

(@)}

Lemma 52. (MEMBERSHIP-) can

[=(x & Y] =[x Ay]

/ hdl

definedness axiom
by 1, FOL reasoning
by 2, Proposition
by 3, FOL reasoning
by 4, Proposition
by 5, FOL reasoning
by 6, definition

=)
by (SINGLETON VARIABLE)
by (SINGLETON VARIABLE)
by 1, FOL reasoning

by 2, FOL reasoning
by 3, 4, FOL reasoning

by 5, FOL reasoning

by 6, Proposition

by 7, FOL reasoning
by 8, definition

be proved in H.

Proof: We first prove + (x € —p) — —(x € ¢).

L | =[x Ael ATx A =p])
2 | [xA=¢] = =[x A @]
31 (x€=g)— (xe€p)

(x

[x]

[(x A @)V (xA=g)]
[x Al V [x A =gl
—[x A gl = [x A =p]
—~(x € ) = (x € ~p)

O N O R S

by (SINGLETON VARIABLE)
by 1, FOL reasoning
by 2, definition

€ —.47),

definedness axiom
by 1, FOL reasoning
by 2, Proposition
by 3, FOL reasoning
by 4, definition

Lemma 53. + (x € (g1 V ¢2)) & (x € ¢1) V (x € ¢3).

Proof: Use (PropacaTioNy) and FOL reasoning.

Lemma 54. (MEMmBERSHIP,) can

Proof: Use Lemma [52] and
p2 © (=1 V ).

Lemma 55. (MEmBERSHIP) can

Proof: Use (PropacaTioNg) and FOL reasoning.

be proved in H.

and the fact that + ¢; A
|

be proved in ‘H.

The following is a useful lemma about definedness symbols.

Lemma 56. + Clyp] —

[¢] for any symbol context C.

Proof: Let x be a fresh variable in the following proof.
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1 [x] definedness axiom

2 [x]V [e] by 1, FOL reasoning

3 [xV ¢] by 2, Proposition

4 [x A=V ] by 3, FOL reasoning

5 [x A=¢] V [e] by 4, Proposition

6 | C[x A¢] > =[x A-¢] by (SINGLETON VARIABLE)
7 =[x A =] = [¢] by 5, FOL reasoning

8 Clx A o] = [¢] by 6 and 7, FOL reasoning
9 | YVx.(C[x A @] = [e¢]) by 8, FOL reasoning

10 | (3x.Clx A ¢]) — [¢] by 9, FOL reasoning

11 | o> @xx)Ag by (EXISTENCE)

12 | ¢ = Jx.(x A @) by 11, FOL reasoning

13 | Cle] — C[3Ax.(x Ap)] by 12, (FRAMING)

14 | C[3x.(x A )] = [¢] by 10, Proposition

15 | Cle] — [¢] by 13, 14, FOL reasoning

Corollary 57. + Cy[¢] — [¢] and + | ¢| — —Cs[—¢] for all
symbols o. In particular, + ¢ — [¢] and + | ¢| — .

We are now ready to prove the deduction theorem (Theo-
rem [14).

Proof of Theorem [I4} Carry out induction on the length
of the proof I' U {¢/} + ¢.

(Base Case). Suppose the length is one, then either ¢ is an
axiom in H or ¢ € T U {y}. In either case, it is obvious that
'+ [¢] — ¢ (noticing Corollary [57] for the case ¢ is ¥).

(Induction Step). Suppose the proof T U {¢/} + ¢ has n + 1
steps:

Pl s Pns P

If ¢ is an axiom in H or ¢ €e TU{y}, then T + |¢] — ¢
for the same reason as (Base Case). If the last step is (Mopus
PoNENs) on ¢; and ¢; for some 1 <i,j < n such that ¢; has
the form ¢; — ¢, by induction hypothesis, I' + [ | — ¢; and
I'r ly] — (¢ = ¢). By FOL reasoning, I' + [¢] — ¢. If
the last step is (UNIVERSAL GENERALIZATION) on ¢; for some
1 <i < n, then ¢ must have the form Vx.¢; where x does not
occur free in . By induction hypothesis, I' + [] — ¢;. By
FOL reasoning, I' + || — Vx.¢;.

If the last step is (FRAMING) on gol for some 1 <i < n,
then ¢; must have the form ¢, — ¢!’, and ¢ must have the
form Cy[¢!] — Co[¢!’] for some symbol o. By induction
hypothesis, I' + [ ] — (¢] — ¢]’). We now prove '+ [¢/] —

(Colei] = Cole'D.

L Lyl — (¢ = ) hypothesis

2 cplf — @'V [y] by 1, FOL reasoning

3| Coll-¢1] — T-¥] Corollary

4 | Coly]] by 2, (FRAMING)
- C(r[‘P” Vv [=yl]

5| Colel by 4, Proposition
- Cole]lV ColT-y1]

6 | Cole!lV Coll-¥1] by 3, FOL reasoning
- Cole/l vV [yl

7| Colg] = Cole]l VvV [=y] by 5, 6, FOL reasoning

8 | lv] = (Colel]l = Cole!’]) by 7, FOL reasoning
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Lemma 58. (EquaLity ELiMINATION) can be proved in H.

Proof: Recall the definition of equality (¢; = ¢») =
lo1 < ¢2]. Theorem [14] together with Proposition [44] give
us a nice way to deal with equality premises. To prove
F(p1 = ¢2) = (Wle1/x] = ¥lga/x]), we apply Theorem
and prove {1 < @} F Ylei/x] — Ylgz/x], which is
proved by Proposition 4] Note that the (formal) proof given
in Proposition @] does not use (UNIVERSAL GENERALIZATION)
at all, so the conditions of Theorem [T4] are satisfied. [ |

Lemma 59. (Funcrionar Susstitution) can be proved in H.

Proof: Let z be a fresh variable that does not occur free
in ¢ and ¢’, and is distinct from x. Notice the side condition
that y does not occur free in ¢’.

=z z=¢ definition
z2=¢" = (plz/x] = ¢’/ x]) Lemma
(Vx.@) = ¢lz/x] by axiom

FOL reasoning
FOL reasoning
FOL reasoning
by 6

FOL reasoning
FOL reasoning
FOL reasoning

@' =z ((Vx.) = ¢[z/x])

" =z (plz/x] = ¢le’/x])

¢ =z ((Vx.0) = ¢l¢’/x])
Vz.(¢" =z = ((Vx.0) = ¢[¢’/x]))
(Fz.¢" = 2) = (Vx.0) = ¢[¢’/x])
(Vx.0) A (Fz.¢" = 2) = ¢l¢’/x]

0] (Vx.o) A Ty.¢" =y) > ol¢'/x]

— O 00 1O\ L W

Lemma 60. + C,[¢; A (x € ¢3)] = Col@1] A (x € ¢3).

Proof: We first prove + Co-[@1 A(x € ¢3)] = Cole1 A (x €
¢2). By FOL reasoning, it suffices to show both  C- [ A(x €
)] = Colei] and F Co[@1 A (x € )] = (x € ¢2). The first
follows immediately by (Framing) and FOL reasoning. The
second can be proved as:

[x]

[(x A=) V (x A @2)]

[x A=@2] V [x A @]

—[x A =pa] = [x A @]

Collx A @2]] = =[x A =¢2]
Collx A @2]] = [x A 2]

Coler ATx A @]l = Collx A g2]]
Coler Afx Ap2]] = [x A g2]
Coler A (x € @2)] = (x € ¢2)

O 01N Nk~ —

|
Lemma 61. + 3y.((x = y) A ¢) = ¢[x/y] where x, y distinct.

Proof:  The proof is by induction on the structural of
¢ and Lemma [60] [ |

Lemma 62. + ¢ = 3y.([y Al Ay) if y & FV(p).
Proof: We first prove F y.([y A ] Ay) — ¢.

L =Ty Al A(y A=)

2| [yA@elAy > @ by 1, FOL reasoning
31 Vy.([yAg]Ay — ¢) by 2, axiom

4 | y.(f[yA¢lAy) > ¢ by 3, FOL reasoning

(SINGLETON VARIABLE)
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We then prove v ¢ — Jy.([y A ¢] A y). Let x be a fresh
variable distinct from y.

XEQ o XEY

xX€p—> [xAgp]

xegp—o [xAxAp]]
xXep o xel[xAg]
xep—-odAy(x=yAxeyAng])
xep—ody(xeyArxeyAg])
xep—Iy(xe(yalyrel)
xep—-oxedy.(yA[yAp])
x€(p—Iy.(yAlyAel)
Vx.(x € (p = Jy.(x ATy Apl))
= 3Jy.O0ATyAel)

—_— = 0 00 1O\ W~ W=

— O

Lemma 63. (MemBersHip SymsoL) is provable in H.

Proof: We first prove + x € Cy[p] = Jy.(y € p A x €
Co[y]). Let ¥ = Ay.(y € ¢ A x € Cir[¥]).

Fy.(yepArxelCyly]) =¥
Fy.([yrelAxeColy]) > ¥
Fy.(TxAlyrnellAxeColy]) =¥
Ay.(xe[yrglAxeCsly]) > ¥
Fy.(x e ([yrgl AColy]) = ¥
x€Jy.([yrglAColy]) = ¥
x€dy.CollyAgl Ayl > ¥
x€ColIy.[yrngl Ayl =¥

x €Cqlp] > ¥

01NN AW~

\©

We then prove + Jy.(y € ¢ A x € C[y]) = x € Cl¢]. In
fact, we just need to apply the same derivation as above on
FY > dy.(yepAxeCly).

|

We are now ready to prove Theorem
Proof of Theorem [I5} By the completeness of £ (Theo-
rem EI), we have I' Fp . We have shown that all proof rules in
P are provable in H with (DEFINEDNESS) axioms, so I' kg7 ¢.
|

ApPENDIX D
PROOF OF THEOREM

We prove the completeness theorem of H (Theorem [I6).
We only discuss ML (without ) in this section, so we drop
all unnecessary annotations. Specifically, we abbreviate “ky_”
as “e7; “rgg” as v “PatTERNML” as “PATTERN”, etc.

For simplicity of some technical proofs, we assume that
{A, =, 3} is our set of primitives, instead of {—,—,V}. This is
justified by Proposition 4]

Our proof technique was mainly inspired by [18]].

Lemma 64 (Substitution Lemma). p(¢[y/x]) = plp(y)/x](¢).

Proof: Carry out induction on the structure of ¢. The only
nontrivial case is when ¢ = Jz.yy. Without loss of generality,
let us assume z is distinct from x and y. If not, apply a-
renaming to make them different. Then



Techni cal

A((Fz.)ly/x])

P(3z.(y[y/x])

U{piwly/xD) | p1 < p}

= U{piW) | p1 < p and p} = pi[p1(y)/x]}
= U{p{W) | p1 * p and p] = pilp(y)/x]}
= U{pi(¥) | p1 = plp(y)/x1}

= Ul[) | o1 £ p'}

= p'(3z.y)

Definition 65 (Local Provability). Let s be a sort, Hy C
PATTERN be a pattern set, and ¢, be a pattern of sort s. We
write Hy Ik g, if there exists a finite subset Ay Cp, Hy such
that @ +; A Ay — @5, where A Ay is the conjunction of all
patterns in Ag. When Ay is the empty set, A Ay is Ty. Let
H = {H,}scs be a family set of patterns. We write H I ¢y if
H; Fg 5. We drop sort subscripts when there is no confusion.

Definition 66 (Consistent Sets). Let Iy be a pattern set of
sort s. We say I's is consistent, if I's ¥ L. 'y is a maximal
consistent set (MCS) if any strict extension of it is inconsistent.
By abuse of language, we say I' = {[i}ses is consistent if
every I'y is consistent, and I' is an MCS if every Iy is an
MCS.

Like the local provability relation, consistency is also a
local property. Pattern set Iy is consistent (or an MCS) only
depends on itself. A useful intuition about consistent sets
is that they provide consistent “views” of patterns. Recall
that patterns in matching logic match elements in domain.
Intuitively speaking, a pattern set I'y is inconsistent if it
contains patterns that cannot match common elements in any
models and valuations. In other words, if I'y is consistent, then
there exist a model M and a valuation p, and an element
a in the model, such that all patterns in I'y match a, i.e.,
a € p(p) for all pattern ¢ € Iy. If Ty is in addition an
MCS, adding any pattern ¢ ¢ I's will lead to inconsistency,
and thus a ¢ p(yy). Therefore, we can think of the MCS T
representing that particular element a, with all patterns in Iy
matching it while patterns outside I'y not. This useful intuition
motivates the definition of canonical models that consist MCSs
as elements (see Definition , and the Truth Lemma that
says “Matching = Membership in MCSs”, connecting syntax
and semantics, (see Lemma [79). They play an important role
in proving the completeness result, including both local and
global completeness theorems. The rest of the section is all
about making this intuition work.

Proposition 67 (MCS Properties). Given an MCS T and
patterns ¢, 1, s of the same sort s. The following propositions
hold.

1) ¢ € U if and only if T v @; In particular, if v ¢ then
pel;

2) mp el ifand only if ¢ ¢ T;

3) piAgy el ifand only if 1 € T and ¢y € T'; In general,
Jor any finite pattern set A, NA € T ifand only if A C T;

4) o1V el ifand only if ¢ €I or ¢y € I'; In general,
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for any finite pattern set A, \/ A € T if and only if ANT" #
0; As a convention, when A =0, \/ A is 1,

5) e1,01 — ¢ € T implies ¢, € I'; In particular, if +
@1 — ¢, then @1 € I implies ¢, € T

Proof: Standard propositional reasoning. [ ]

Definition 68 (Witnessed MCSs). Let I' be an MCS of sort
s. I' is a witnessed MCS, if for any pattern 3x.¢ € I, there
is a variable y such that (3x.¢) — ¢[y/x] € I'. By abuse use
of language, we say the family set I' = {T'; }5es is a witnessed
MCS if every I is a witnessed MCS.

In the following, we show any consistent set ' can be
extended to a witnessed MCS I'*. The extension, however,
requires an extension of the set of variables. To see why
such an extension is needed, consider the following example.
Let ¥ = (S,VARr,X) be a signature, s € S be a sort, and
I' = {=x | x € VArg} be a pattern set containing all
variable negations. We leave it for the readers to show that
T is consistent. Here, we claim the consistent set I cannot be
extended to a witnessed MCS T'* in the signature ¥. The proof
is by contradiction. Assume I'* exists. By Proposition [67| and
(ExisTENCE), dx.x € I'*. Because I'* is a witnessed MCS,
there is a variable y such that (3x.x) — y € I'", and by
Proposition[67} y € I'*. On the other hand, —y € T’ € I'*. This
contradicts the consistency of T'*.

Lemma 69 (Extension Lemma). Let ¥ = (S,VAR,X) be a
signature and T be a consistent set of sort s € S. Extend
the variable set VAR to VART with countably infinitely many
new variables, and denoted the extended signature as ¥+ =
(Var™,S,X). There exists a pattern set I'' in the extended
signature ¥ such that I C TF and T'* is a witnessed MCS.

Proof: We use PATTERN; and PaTTERN denote the set of
all patterns of sort s in the original and extended signatures,
respectively. Enumerate all patterns ¢, ¢, - - - € PaTTERN] . For
every sort s, enumerate all variables xj:s,%:s,... in VAR \
Varg. We will construct a non-decreasing sequence of pattern
sets Ip € Iy € Ip--- C Parterny, with Ty = T'. Notice
that I’y contains variables only in VAr. Eventually, we will let
I'* = U;so I'i and prove it has the intended properties.

For every n > 1, we define I, as follows. If T',,_; U {¢p,} is

inconsistent, then I',, = I',,_;. Otherwise,

if ¢, is not of the form x:s’ .y

[y =Tu1 U {en}
if ¢, = 3x:s".y and %;:s” is the first variable in VAR], \ Vary
that does not occur free in I',,—; and y:

T =Tt U@} U {ylmiis”/xis']}

Notice that in the second case, we can always pick a variable
%;:s’ that satisfies the conditions because by construction,
I-1 U{p,} uses at most finitely many variables in VaAr"\ Var.

We show that I, is consistent for every n > 0 by induction.
The base case is to show Iy is consistent in the extended
signature. Assume it is not. Then there exists a finite subset
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Ao Sjin T'o such that - A Ag — L. The proof of AAg — L
is a finite sequence of patterns in ParTern®. We can replace
every occurrence of the variable y € VAR™ \ VAR (y can have
any sort) with a variable y € Var that has the same sort as y
and does not occur (no matter bound or free) in the proof. By
induction on the length of the proof, the resulting sequence is
also a proof of A\ Agp — L, and it consists of only patterns in
ParterN. This contradicts the consistency of Iy as a subset
of PATTERN;, and this contradiction finishes our proof of the
base case.

Now assume I',,_; is consistent for n > 1. We will show
I, is also consistent. If I',_; U {¢,} is inconsistent or ¢,
does not have the form Jx:s’., I, is consistent by con-
struction. Assume I',,_; U {¢,} is consistent, ¢, = Jx:s".y,
but I, = Ty U {¢n} U {Y[%;:s"/x:s’]} is not consistent.
Then there exists a finite subset A Cp, I'iog U {@,} such
that H A A — —[x%;:s"/x:s’]. By (UNIVERSAL GENERALIZA-
TION), + V%;:8'.(A A — —[x%;:s"/x:5’]). Notice that %;:s" ¢
FV(A A) by construction, so by FOL reasoning - AA —
—3%;:s".(Y[%;:s" [ x:57]). Since %;:s” ¢ FV(¥), by a-renaming,
Axz;:s’ . (W[%izs’[x:s']) = Ax:s’ W = @y, and thus F A A — —g,.
This contradicts the assumption that I';,_; U {¢,} is consistent.

Since T, is consistent for any n > 0, I'* = |J,, [}, is also
consistent. This is because the derivation that shows inconsis-
tency would use only finitely many patterns in I'". In addition,
we know I'* is maximal and witnessed by construction. M

We will prove that for every witnessed MCS T = {Is}es,
there exists a model M and a valuation p such that for every
¢ € I, p(p) # 0. The next definition defines the canonical
model which contains all witnessed MCSs as its elements.
We will construct our intended model M as a submodel of the
canonical model.

Definition 70 (Canonical Model). Given a signature ¥ =
(S,%). The canonical model W = ({Ws}ses,_w) consists of

« a carrier set Wy = {I' | T is a witnessed MCS of sort s}
for every sort s € S;

« an interpretation ow : W, X+ - - X W, — P(Wj) for every
symbol o € X, s, s, defined as I' € ow(Ty,...,I,) if
and only if for any ¢; € Iy, 1 <i < n, o(p1,...,¢n) €
I'; In particular, the interpretation for a constant symbol
ceXysisow={eW,|oel}.

The carrier set W is not empty, thanks to Lemma [69]

The canonical model has a nontrivial property stated as the
next lemma. The proof of the lemma is difficult, so we leave
it to the end of the subsection.

Theorem 71 (Existence Lemma). Let ¥ = (S,X) be a
signature and T be a witnessed MCS of sort s € S. Given
a symbol o € Xy, s, s and patterns @i, . .., ¢, of appropriate
sorts. If o(@1,...,¢n) € T, then there exist n witnessed MCSs
Ih,..., Iy of appropriate sorts such that ¢; € I for every
1<i<n and T € ow(Ty,...,Tn).

Definition 72 (Generated Models). Let ¥ = (S,X) be a
signature and W = ({Wy}ses,_w) be the canonical model.
Given a witnessed MCS T' = {I5}ses. Define Y = {Y;}5es be

Report http://hdl.handl e. net/2142/102281,

January 2019

the smallest sets such that Yy € W for every sort s, and the
following inductive properties are satisfied:

o Iy € Y for every sort s;

o If A € ¥ and there exist a symbol o € X, 5, s and
witnessed MCSs Aj,. .., A, of appropriate sorts such that
Aeow(Ar,....A,), then A €Y,..., Ay €Y, .

Let Y = (Y,_y) be the model generated from I', where

oy(Ar,...,An) =Yy Nnow(Ay,...,A,) for every
0 €ZXy . 5,5 and Ay €Yy, Ay €Y,

We give some intuition about the generated model Y =
(Y,_y). The interpretation oy is just the restriction of the
interpretation oy on Y. The carrier set Y is defined induc-
tively. Firstly, ¥ contains I'. Given a set A € Y. If sets
Ay,...,A, are “generated” from A by a symbol o, meaning
that A € ow(Ay,,...,A,), then they are also in Y. Of course,
a set A is in ¥ maybe because it is generated from a set A’
by a symbol o', while A’ is generated from a set A” by a
symbol ¢”’, and so on. This generating path keeps going and
eventually ends at I" in finite number of steps. By definition,
every member of Y has at least one such generating path, which
we formally define as follows.

Definition 73 (Generating Paths). Let I' = {[\}ses be a
witnessed MCS and Y be the model generated from I'. A
generating path m is either the empty path €, or a sequence
of pairs ((o1,p1),...,(0k, pr)) Where oy,...,0x are symbols
(not necessarily distinct) and pj,...,px are natural numbers
representing positions. The generating path relation, denoted
as GP, is a binary relation between witnessed MCSs in Y and
generating paths, defined as the smallest relation that satisfies
the following conditions:

e GP(T,,€) holds for every sort s;

o If GP(A, ) holds for a set A € ¥, and a generating path
m, and there exist a symbol o € X, , s and witnessed
MCSs Ay,...,A, such that A € ow(Ay,...,A,), then
GP(A;, {m,(0,i))) holds for every 1 <i < n.

We say that A has a generating path 7 in the generated model
if GP(A, ) holds. It is easy to see that every witnessed MCS
in Y has at least one generating path, and if a witnessed MCS
of sort s has the empty path € as its generating path, it must
be T’y itself.

Definition 74 (Symbol Contexts for Generating Paths). Given
a generating path . Define the symbol context C, inductively
as follows. If 1 = €, then C, is the identity context O. If
n = (m,(0,i)) where o € X, ,s and 1 < i < n, then
Cr=Cry[0(Tspse ooy Ty oD Tspagse - o0 Tl

A good intuition about Definition [74] is given as the next

lemma.

Lemma 75. Let I" be a witnessed MCS and Y be the model
generated from T'. Let A € Y. If A has a generating path i,
then Cx[p] € T for any pattern ¢ € A.

Proof: The proof is by induction on the length of the
generating path x. If & is the empty path €, then A must be
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I' and C, is the identity context, and C,[¢] = ¢ € I for any
¢ € A. Now assume A has a generating path 7 = (m,(0,1))
with o € X, .s. By Definition there exist witnessed
MCSs Ag,,...,Ag,,As €Y and 1 < i < n such that A = Ag,,
Ay € ow(As,.. .., As,), and Ag has 7y as its generating path.
For every ¢ € A = A;, since Ty; € Ay; for any j # i, by Defini-

tion O(Tspsevos Tsy 15 Tspiys- - -5 Ts,) € Ag. By induction
hypothesis, Cr\[0(Ts--s T 15 Ts;0p5- - -5 Ts,)] € I', while
the latter is exactly Cr[¢]. ]

Lemma 76 (Singleton Variables). Let I' be a witnessed MCS
and Y be the model generated from I'. For every I'1,I, € Y
of the same sort and every variable x, if x € I'|1 N1, then
I =1

Proof: Let m; be a generating path of I; for i = 1,2.
Assume I'} # I';. Then there exists a pattern ¢ such that ¢ € I’
and —¢ € I';. Because x € I' NI, we know x A ¢ € '} and
X A =g € . By Lemma Cr[x A @,Cr,[x A —=¢] €T,
and thus Cr [x A @] A Cr,[x A =¢] € T'. On the other hand,
A(Cr,[x A @] A Cry[x A —]) is an instance of (SINGLETON
VariaBLE) and thus it is included in I'. This contradicts the
consistency of T'. [ |

We will establish an important result about generated mod-
els in Lemma[79](the Truth Lemma), which links the semantics
and syntax and is essential to the completeness result. Roughly
speaking, the lemma says that for any generated model ¥ and
any witnessed MCS A €Y, a pattern ¢ is in A if and only if
the interpretation of ¢ in Y contains A. To prove the lemma,
it is important to show that every variable is interpreted to a
singleton. Lemma ensures that every variable belongs to
at most one witnessed MCS. To make sure it is interpreted to
exactly one MCS, we complete our model by adding a dummy
element % to the carrier set, and interpreting all variables
which are interpreted to none of the MCSs to the dummy
element. This motivates the next definition.

Definition 77 (Completed Models and Completed Valuations).
LetI' = {T'y}ses be a witnessed MCS and Y be the I'-generated
model. I'-completed model, denoted as M = ({M}ses, _m), is
inductively defined as follows for all sorts s € S:

o Mg =Y, if every x:s belongs at least one MCS in Yj;
o M =Y, U {x;}, otherwise.

We assume x; is an entity that is different from any MCSs,
and kg, # *g, if 51 # so. For every o € X, s, define its
interpretation

0 if some A; = *g,
oy(Ay,...,Ap) U {xs} if all Aj # *s;

A,) =
An) and some A; = [,

O'M(Al,...

T, (A1,...,Ay) otherwise

The completed valuation p: VAR — M is defined as

A ifxiseA

*, otherwise

px:s) = {
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The valuation p is a well-defined function, because by
Lemma [76] if there are two witnessed MCSs A and A, such
that x € A; and x € Ay, then A} = A,.

Now we come back to prove Lemma We need the
following technical lemma.

Lemma 78. Let 0 € X, 5, s be a symbol, ®y,...,0,,¢ be
patterns of appropriate sorts, and yi,...,yn, X be variables
of appropriate sorts such that yi,...,y, are distinct, and

Voo Yn € FV(9) U U <icn FV(D;). Then
F O'(Q)l,...,q)n)
— dyy,...,y,.

o (@1 A@x.p = ¢ly1/x].....Pp A (Tx.6 = $lyn/x]))

Proof: Notice that for every 1 <i < n,

F3x.¢ — Jyi.(@lyi/x]).
By easy matching logic reasoning,
Fo(y,...,0,)
— (@1 A (3x.¢ = Iyi.(plyi/x])),

ey

@, A (3x.¢ = 3yn-(¢lyn/x])))

Then use Proposition 43| to move the quantifiers Jyy, ..., 3y,
to the top. [ ]
Now we are ready to prove Lemma

Proof of Lemma [78f Recall that T' € ow(Ty,...,T},)
means for every ¢; € Iy, 1 < i < n, o(d1,...,¢,) € T.

The main technique that we will be using here is similar to
Lemma We start with the singleton sets {¢;} for every
1 <i < n and extend them to witnessed MCSs I;, while this
time we also need to make sure the results I'j,...,I; satisfy
the desired property I' € ow(I'y,...,[;). Another difference
compared to Lemma [69]is that this time we do not extend our
set of variables, because our starting point, {¢; }, contains just
one pattern and uses only finitely many variables. Readers will
see how these conditions play a role in the upcoming proof.

Enumerate all patterns of sorts si,...,s5, as follows
Yo, ¥1,¥2, -+ € Uj<;<n PATTERNy,. Notice that sy,...,s, do
not need to be all distinct. To ease our notation, we define a
“choice” operator, denoted as [¢;]y, as follows

s if s=s"
[QOS]S’ = . .
nothing otherwise

For example, ¢s A []s means @5 A ¢ if ¢ also has sort s.
Otherwise, it means ¢,. The choice operator propagates with
all logic connectives in the natural way. For example, [/ ]s =
ﬁ[‘// ]s-

In the following, we will define a non-decreasing sequence
of pattern sets 1"; ) ¢ 1"51) c l"l@ C --- C PaTTERN; for each
1 <i < n, such that the following conditions are true for all
I<i<nandk>0:

1) If yi has sort s;, then either i or —y belongs to I' Ek”).
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2) If Y has the form Jx.¢; and it belongs to ng“), then

there exists a variable z such that (Ix.¢x) — Prlz/x]
(k+1)

also belongs to I';

3) F(k) is finite.

4) Let n(k) = A Fl(k) for every 1 < i < n. Then
0'(7r(k), .. (k)) erl.

5) I; *) js consistent.

Among the above five conditions, condition (2)—(5) are like
“safety” properties while condition (1) is like a “liveness”
properties. We will eventually let I; = Ugxq Fl@ and prove
that I'; has the desired property. Before we present the actual
construction, we give some hints on how to prove these
conditions hold. Conditions (1)—(3) will be satisfied directly by
construction, although we will put a notable effort in satisfying
condition (2). Condition (4) will be proved hold by induction
on k. Condition (5) is in fact a consequence of condition (4)
as shown below. Assume condition (4) holds but condition (5)
fails. This means that ng) is not consistent for some 1 <i < n,

SO F 7r( ) 0. By (FrRAMING)

(k) (k)

I—o'(7rl e k) ,...,JTS,k))

e T (k))—>a'(7r oo, L

Then by Proposition 43| and FOL reasoning,

® )
o

Fo(m ,...,nglk))—>J_

Since o-(n(k) .,ﬂ;k),. . .,nﬁ,k) ) € T by condition (4), we know
L e T by Proposition [67} And this contradicts the fact that T’
is consistent.

Now we are ready to construct the sequence F(O) c F(l) c
r'?c...forl<is<nLetl" = {(,p}forl <i<n
Obv1ously, F( ) satisfies condmons (3) and (4). Condition (5)
follows as a consequence of condition (4). Conditions (1) and
(2) are not applicable.

Suppose we have already constructed sets rlﬁk) for every
1 <i <nand k > 0, which satisfy the conditions (1)-(5). We
show how to construct I“Ekﬂ) . In order to satisfy condition (1),
we should add either ¥, or =i to I“Ek), if Fﬁk) has the same
sort as Y. Otherwise, we simply let F§k+l) be the same as
ng). The question here is: if Fl(.k) has the same sort as iy,
which pattern should we add to I“Ek), Y or i ? Obviously,
condition (3) will still hold no matter which one we choose
to add, so we just need to make sure that we do not break
conditions (2) and (4).

Let us start by satisfying condition (4). Consider pattern
O'(F(k) .. 7r,, ) which, by condition (4), is in I'. This tells us
that the pattern

0'(7r§k)

ATV ~iclsyse om0 A Tk V gl

isalsoinT. Recall that [_]; is the ch01ce operator, so if ¢ has
sort sl, then 7r A (Wi Vs, is 7r A (Y V=g ). Otherwise,

itis m Use Proposition and FOL reasoning, and notice
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that the choice operator propagates with the disjunction Vv and
the negation —, we get

() A Twrds) v (A =lweds),
.. el
U#)[MLJVMWAﬂWUMD
Then we use Proposition 43| again and move all the disjunc-
tions to the top, and we end up with a disjunction of 2"
patterns:

\ oG A s oml? A 1Ty, € T

where [—] means either nothing or —. Notice that some [ ]s,’s
might be nothing, so some of these 2" patterns may be the
same.

Notice that I" is an MCS. By proposition[67] among these 2"
patterns there must exists one pattern that is in I'. We denote
that pattern as

@ A Wy xR,

i <n,if [= ](k)[d/k] does not have the form
dx.¢, we simply define FEkH) = ng) U {[ﬂ]gk)[x//k]s[}. If
[—']Ek)[lﬁk]s,» does have the form Jx.¢, we need special effort
to satisfy condition (2). Without loss of generality and to ease
our notation, let us assume that for every 1 <i < n, the pattern
[—I]Ek>[l//k]si has the same form Jx.¢. We are going to find for
each index i a variable z; such that

o A 3x.p A (Bx.g — Blz1/x)),
’ el
(k) Adx.¢p A (3x.¢0 — Plz,/x]))

For any 1 <

This will allow us to define l"(kH) F(k) U{3x.¢}U{3x.¢ —>
¢[z;/x]} which satisfies COIldlthIlS (2) and (4).
We find these variables z;’s by Lemma [78] and the fact that
I' is a witnessed set. Let ®@; k) A 3x. ¢ for 1 <i <n. By
construction, o (®y,...,d,) € F . Hence, by Lemma and
Proposition for any distinct variables yi,...,y, ¢ FV(¢)U

UlsiSn FV((DI)’

dyr ... 3y,

o (@ A Ex.¢ — ¢ly1/x]),...,Pp A (Fn.g — Plyn/x]) €T
The set I' is a witnessed set, so there exist variables z,. .., z,
such that

(D) A (3x.¢ — ¢[z1/x]),. ..

This justifies our construction
{3x.¢ — olzi/x]}.

So far we have proved our construction of the sequences
FEO) c I“El) c Fiz) c for 1 < i < n satisfy the
conditions (1)—(5). Let I; = Ugxo ng) for 1 <i < n. By
construction, I; is a witnessed MCS. It remains to prove
that T' € ow(Iy,...,I;). To prove it, assume ¢; € I; for
1 < i < n. By construction, there exists K > 0 such that
¢ € FEK) for all 1 < i < n. Therefore, F nEK) — ¢;. By

s Op A(@Qx.¢ > Plza/x])) €T
rh =y (Exg) U
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condition (4), 0'(7T§K),. . .,n,(qK)) € I', and thus by (FRAMING)

and Proposition [67] o (¢1,...,¢,) € T. [

Lemma 79 (Truth Lemma). Let I" be a witnessed MCS, M be
its completed model, and p be the completed valuation. For
any witnessed MCS A € M and any pattern ¢ such that A and
¢ have the same sort,

peAN ifandonlyif A€ p(p)

Proof: The proof is by induction on the structure of ¢.
If ¢ is a variable the conclusion follows by Definition It
¢ has the form ; A ¥y or =, the conclusion follows from
Proposition [67] If ¢ has the form o(¢y,. . ., ¢n), the conclusion
from left to right is given by Lemma The conclusion from
right to left follows from Definition

Now assume ¢ has the form Jx.y. If Ix.y € A, since A
is a witnessed set, there is a variable y such that Jx.y —
Yly/x] € A, and thus y[y/x] € A. By induction hypothesis,
A € p(¥[y/x]), and thus by the semantics of the logic, A €
p(3x.y).

Consider the other direction. Assume A € p(3dx.y). By
definition there exists a witnessed set A’ € M such that
A € p[A’/x](¢). By Definition every element in M
(no matter if it is an MCS or %) has a variable that is
assigned to it by the completed valuation p. Let us assume that
variable y is assigned to A’, i.e., p(y) = A’. By Lemma
A € p’(¥) = p(y[y/x]). By induction hypothesis, y[y/x] € A.
Finally notice that + ¢[y/x] — 3y.¢[y/x]. By Proposition [67]
Ay.yly/x] € A, ie., Ixy € A. [ ]

Theorem 80. For any consistent set I, there is a model M
and a valuation p such that for all patterns ¢ € T, p(¢) # 0.

Proof: Use Lemma [69] and extend I" to a witnessed MCS
I'*. Let M and p be the completed model and valuation
generated by I'* respectively. By Lemma for all patterns
p e C T, we have Tt € p(p), so p(¢) £ 0. [ |

Now we are ready to prove Theorem [16]

Proof of Theorem[I6 Assume the opposite. If 0 ¥ ¢, then
{—¢} is consistent by Definition Then there is a model M
and an valuation p such that p(—¢) # 0, i.e., p(¢) # M. This
contradicts the fact that 0  ¢. [ |

We point out that Lemma [/9|in fact gives us the following
stronger completeness result of H. In literature, Theorem
is called weak local completeness theorem while Theorem [81]
is called strong local completeness theorem.

Theorem 81. For any set T and any pattern ¢, T £ ¢
implies T I+ ¢, where T £ ¢ means that for all models M,
all valuations p, and all elements a € M, if a € p(y) for all
Y €T then a € p(p).

Proof: Assume the opposite that I' ¥ ¢, which implies
that I’ U {=¢} is consistent. Extend it to a witnessed MCS I'*
and let M, p be the completed model and completed valuation
generated by I'*. By Lemma[79] I'* € 5(y) for all y € T, and
I'* € p(—p), ie., Tt ¢ p(p). This contradicts with T £°° . m
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AprPENDIX E
PrOOF OF PrROPOSITION

Proof of Proposition 20y Trivial. Note that MmL coin-
cides with ML on the fragment without u. [ ]

APPENDIX F
ProoFr or ProprosITION 22] AND 23]

We prove that the theory I'*™ captures precisely term
algebras, up to isomorphism. The proof is mainly a feast of
inductive reasoning.

Proof: Let us fix a X™-model M such that M £ T=™.
By axiom (Function), the interpretation cpy: M X--- XM —
P (M) must be a function, where ¢ € Zqppm.. Term Term, Meaning
that for all ay,...,a, € M, cy(ay,...,a,) contains exactly
one element. By abuse of language, we denote that element
as cy(ay,...,a,) and regard cpy: M X---X M — M as really
a function.

To prove the proposition, it suffices to establish an
isomorphism between the two algebras (M,{cp}ces) and
(TF, (7= Yees).

Let us define a subset My € M inductively as follows (in
which we separate the cases of constant constructs from non-
constant constructors for clarity):

e CM € M(), if ce Z/I,Term;

. CM(“]?' . -7an), if ¢ € z"Term...Term,Term and ay,..
M.

We claim that for all valuation p,

p(uD. v e(D,...,D)) = M.

cex

.an €

We prove the equation by proving set containment for both
directions. Notice that by definition,

p(uD. \/ e(D,...,D)) = ﬂ{A C M| U em(A, ..., A) C A}.
ceX ceX
Denote the above set M| and we prove My = M.

(Case My C M;). Notice that M, is defined inductively,
so we carry out induction. The base case is ¢ € X 7 and
cm € My. We aim to prove cps € M. For that purpose, assume
aset A C M such that J.es cpr(4,...,A) C A and try to
prove cps € A. This is trivial, because cps is in the big-union
set on the left. The induction case is ¢ € Zqepm.. Term, Term and
ai,...,a, € My and cpy(ay,...,a,) € My. We aim to prove
cy(ai,. .., a,) € M;. Similarly, we assume a set A C M such
that (J.ex cm (A4, ..., A) C A and try to prove cpr(ay,...,an) €
My. By induction hypothesis, ay,...,a, € M|, which implies
that cps(ay,. . .,a,) is in the big-union on the left, and thus in
A. Done.

(Case M| C My). We just need to prove that M; satisfies
the condition that |J.cx cpr (M, . . ., My) € My, which follows
directly by the construction of M.

Hence we conclude that My = M;. By axiom (INDUCTIVE
DomAIN), M| = M is the total set, and thus M = M. Note that
(Inpuctive DomaIN) forces the model M to be an inductive
one (i.e., M), and thus admits inductive reasoning.



Techni cal

We now define the isomorphism:
(M, {cm}eex) = (T {creYees)
J

inductively as follows:

N l(CM) =c, force Z/I,Term;

o ilepm(ay,....ay) = cli(ay),...,i(ay)), for ¢ €

X Term... Term, Term’

hd J(C) =Cm, for c € z:/I,Term;

o jle(ty,. .. tn)) =

Cc € ZTerm...Term,Term-

It is then straightforward to verify that i o j and j o
are both identity function, by induction. In addition, they are
isomorphic to each other. ]

Proposition 23] is a direct corollary of Theorem [22]

Proof of Theorem ' Let us fix a model M £ I'N. By
Theorem the reduct of M over the sub-signature {0 €
2 Nat» SUCC € ZNgtNar} 1S isomorphic to natural numbers N,
under the isomorphism:

CM(j(tl)’~ . ~’j(tn))’ for

(M., {Opg.succar ) 7 (N.{0.5})

where s(n) = n + 1 is the successor function on N.

Our aim is to show that the four axioms about plus and
mult force a unique interpretation in M. In particular, + and
X obviously give two valid interpretations under the above
(i, j)-isomorphism, as they clearly satisfies the axioms. But the
uniqueness of the interpretations of plus and mult is trivial, as
the four axioms form a valid inductive definition in M. ]

APPENDIX G
PROPERTIES ABOUT PROOF SYSTEM 7{#

We present and proof some important properties about F,,.
First of all, we can generalized Lemma [64] to the setting with
set variables and p-binder.

Lemma 82. p(¢[v/X]) = plp()/ X](¢) for all X € SVARr.

Proof: Carry out induction on the structure of ¢. The only
interesting case is when ¢ = uZ.p|. By a-renaming, we can
safely assume Z ¢ FV(). We have:

P(uZ.p)lY/X])
= p(UZ.(p1ly/X]))

= (A | pTA/Z1(e1lw /X)) < A}

= (A | plA/ZIPTAIZIW)/ X)(e1) € A}
= (WA | p[ATZIpW)/X](¢1) € A)

= (WA | plEW)/XTA]Z(¢1) € A)

= plpW)/X1(uZ.¢1)

= plpW)/X1(¢).

Done. |
We prove the soundness theorem.

Proof of Theorem [24) The soundness of all proof rules

in H are proved as in Theorem We just need to prove the
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soundness of (SET VARIABLE SUBSTITUTION), (PRE-FIXPOINT),
and (KnasTER-TARskI). Let M be a model.

(SET VARIABLE SUBSTITUTION). Assume M F ¢. By defini-
tion, p(¢) = M for all p. Our goal is to show M E @[/ X]. Let
p be any valuation. We have p(¢[y/X]) = p[p()/X](¢). Note
that p[p(¢)/ X] is just another valuation, so p[p(¥)/X](¢) = M
by assumption.

(Pre-FixpoInT). Let p be any valuation. Our goal is to prove
PloluX.¢/X] — uX.) = M. By definition, p(¢[uX.¢/X]) =
plp(uX.¢)/X](¢), and p(uX.¢) = N{A | p[A/X](¢) € A}.
By Knaster-Tarski theorem, p(uX.yp) itself is a fixpoint of
plA/X](¢) = A. Therefore, p[p(uX.¢)/X](¢) = p(uX.¢).
Done.

(KNASTER-TARSKI). Assume M E @[/ X] — . Our goal is
to prove M £ uX.p — . Let p be any valuation. We need
to prove p(uX.p) C p(¥). Note that p(uX.¢p) is defined as the
least fixpoint of p[A/X](¢) = A. By Knaster-Tarski theorem,
it suffices to prove g(y) is a pre-fixpoint, i.e., p[p()/X](p) C
p(¥). This is given by our assumption, M E ¢[y/X] — . This
implies that p(e[y/X]) € pW), ie., p[p(¥)/X](¢) S p().
Done. |

Lemma 83. + uX.¢ & o[uX.p/X].

Proof: We prove both directions.
(Case “—”). Apply (K~NASTER-TARsKkI), and we prove F

ol(pluX.o/X])/X] — ¢[uX.¢/X]. By Lemma and
the fact that ¢ is positive in X, we just need to prove

Fo[uX.p/X] — ¢, which is proved by (PRe-FixpPoINT).
(Case “«=") is exactly (PRE-FIXPOINT). |

Lemma 84. The following propositions hold:
o Pre-Fixpoint: + vX.¢o — ¢[vX.p/X];
o Knaster-Tarski: v — @[y /X] implies + y — vX.¢.
Proof: These are standard proofs as in modal u-logic. W

Lemma 85. T'+ ¢; — ¢ implies T + uX.¢; — uX.ps.

Proof: Use (KNASTER-TARSKI), and then (SET VARIABLE
SUBSTITUTION). |

Lemma 86. For any context C, we have I' v ¢ < ¢, if and
onlyf if T' + Clg1] & Clen].

Proof: Carry out induction on the structure of C. Except
the case C = uX.Cj, all other cases have been proved in
Proposition While the p-case is proved by Lemma

|

Note that Lemma [86] along with Lemma [83] allow us to

“unfold” a least fixpoint pattern uX.p and replace it, in-place
in any context, by ¢[uX.p/X].

Lemma 87. A context C is positive if it is positive in O;
otherwise, it is negative. Let T + ¢1 — ¢2. We have

'k Cler] = Cleo]
[+ Clgz2] — Clei]

if C is positive,
if C is negative.

Proof: Carry out induction on the structure of C. The
cases when C is a propositional/FOL context are trivial. The
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case when C is a symbol application is proved by (FRAMING).
The case when C is a u-binder is proved by Lemma 85 m

Lemma 88. Let  be a predicate pattern and C be a context
where O is not under any u-binder. We have + ¢ A Clg] <

W AC[Y A @] for all .

Proof: Carry out induction on the structure of C. The
cases when C is a propositional/FOL context are trivial. The
case when C is a symbol application is proved using the fact
that predicate patterns propagate through symbols. Since O
does not occur under any u-binder, that is all cases. [ |

Lemma 89. Let  be a predicate pattern and ¢ be a pattern.
Let X be a set variable that does not occur under any u-binder
in @, and X ¢ FV(¥). We have + y A uX.p & uX.(¥ A @).

Proof: Note that “«" is proved by Lemma We only
need to prove “—”. By propositional reasoning, the goal
becomes + uX.p — ¥ — uX.(y Ag) and we apply (KNASTER-
Tarsk1). We obtain F Yy Ag[y — uX.(WAp)/X] — uX.(WAp).
By (Pre-FixpoiNT), we just need to prove + ¥ A @[y —
uX.(y A @)/ X1 — ¥ A [uX.(¢ A ¢)/X]. By Lemma [89] we
just need to prove F ¥ A @[y A (W — puX.(Y A @)/ X] —
U A oluX.(f A ¢)/X], which then by Lemma becomes
FY A @y A(uX.(0 A @)/ X] — ¢ Ap[uX (Y A g)/X], which
then follows by Lemma [89] [

We now obtain a version of deduction theorem for H,,,
which we believe is not in its strongest form, but it is good
enough to prove other theorems in this paper.

Theorem 90 (Deduction Theorem of H,,). Let I' be an axiom
set containing definedness axioms and ¢, be two patterns.
If T U{y} v+ ¢ and the proof (1) does not use (UNIVERSAL
GENERALIZATION) on free element variables in y; (2) does not
use (KnasTer-TARrski), unless set variable X does not occur
under any p-binder in ¢ and X ¢ FV(¥); (3) does not use
(SET VARIABLE SUBSTITUTION) on free set variables in s, then

'k |¥] — e

Proof: Carry out induction on the length of the proof
F'u{y} + ¢. (Base Case) and (Induction Case) for (Mopus
Ponens) and (UN1vERSAL GENERALIZATION) are proved as in
Theorem [90] We only need to prove (Induction Case) for
(KnaSTER-TARSKI) and (SET VARIABLE SUBSTITUTION).

(Knaster-Tarski). Suppose ¢ = uX.¢; — ¢2. We should
prove that T + || — (uX.¢1 — ¢2),ie., T+ Y] AuX.o —
2. Note that || is a predicate pattern. By Lemma our
goal becomes I' + uX.([¢ ] Ap1) — ¢2. By (KNASTER-TARSKI),
we need to prove I' + (/] A ¢1)[¢2/X] — ¢». Note that X ¢
FV(l¥]), so the above becomes I' + ¢ A ¢1[¢2/X] — 2,
ie, T v [¥] — ¢i[e2/X] — ¢, which is our induction
hypothesis.

(SET VARIABLE SusstiTUTION). Trivial. Note that X ¢
FV(y). ]
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ArPENDIX H
PrOOFs oF PROPOSITION

Proof of Proposition 25} We refer readers to [I]] for
some of the proof techniques that we use. Notice that ¢(x)
as well as other formulas are patterns of sort Pred. How-
ever, the (INpuctive DomAIN) axiom is about the sort Nat.
Therefore, our first step is to lift ¢ from Pred to Nat, using
the definedness symbols. In fact, we will use the membership
and equality constructs that are defined from the definedness
symbols. We define N = Jx.x A [«,o(x)]lﬁfr“ef ,» Which captures
the set of all numbers in which ¢ holds. One can prove that
x €N = [o()Tpe,.

Since all patterns of sort Pred are predicate patterns, we
may use the deduction theorem (Theorem and assume ¢(0)
and Vx.(p(x) — @(succ(x))), and to prove Vx.¢(x). Using the
equality x € N = [tp(xﬂf,}’fe’ > this means that we assume 0 € N
and Yx.(x € N — succ(x) € N) and prove Vx.x € N, which
implies N by (MEMBERSHIP ELIMINATION).

By (K~asTer-TArski), it suffices to prove only 0 V
succ(N) — N, which requires to prove 0 — N and succ(N) —
N. The first is proved by the assumption that 0 € N. The
second is proved by considering y € succ(N) — y € N, which
then becomes (Ix.y € succ(x) Ax € N) > y € N. By the
fact that succ is a function, it becomes x € N — succ(x) € N,

which is then proved by our second assumption. Done. [ ]

APPENDIX |
NoOTATIONS AND PROOFS ABOUT RECURSIVE SYMBOLS

Even though we tactically blur the distinction between
constant symbol o € X, ...s5,0s and n-ary symbol o €
2,...s,.s» doing so will cause us a lot of trouble in this section,
when our aim is to prove such as blur of syntax actually works.
Therefore, within this section, we introduce and use a more
distinct syntax that distinguishes the two.

We use the following notations (and their meaning):

@y € 2/l,s1 ®- @S, ®S

(@1, > ¢n) symbol application
o155 0nl projections
o(X1,. .., Xn) = Qo [X1,. . ., Xn] recursive symbol

@ = pa. XX, pla/o]) definition of

Before we prove Theorem [29] we introduce a useful lemma
that allows us to prove properties about least fixpoint patterns.
Recall that rule (KNAsTER-TARsKI) allows us to prove theorems
of the form I' v uX.¢ — . However, in practice, the least
fixpoint pattern uX.¢ is not always the only components on
the left hand side, but rather stay within some contexts. The
following lemma is particularly useful in practice, as it allows
us to “plug out” the least fixpoint pattern from its context,
so that we can apply (KNASTER-Tarskr). After that, we may
“plug it back” into the context.

Lemma 91. Ler C[O] be a context such that O does not occur
under any u-binder, and
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o CleAY] =Cle] AY, for all patterns ¢ and all predicate
patterns ;
e C[3x.¢] = Ax.Cly], for all ¢ and x ¢ FV(C[O]).

Then we have that T + Clp] — ¢ if and only if T + ¢ —
dx.x A [Clx] - ¥].

Proof: We prove both directions simultaneously. Note that
it is easy to prove that I' + ¢ = Jx.(x A (x € ¢)) using rules
(MeMBERsHIP) in the proof system P (see Fig. [3).

We start with T + C[¢] — ¢. By the mentioned equality,
we get I' + C[3x.(x A (x € ¢))] — . By the properties
of C, it becomes I' + (Ix.C[x] A x € ¢) — ¥, which, by
FOL reasoning, becomes I' + x € ¢ — (C[x] — ¢). Note
that x € ¢ is a predicate pattern, so the goal is equivalent to
l'rxeep— [Clx] >yl

Now we are almost done. To show the “if” part, we apply
(MemBERsHIP INTRODUCTION) on ' + ¢ — Jx.x A [C[x] —
Y] and obtain I' + y € ¢ — Fx.(y € x) A [C[x] — ¢].
Note that y is a fresh variable and y ¢ FV(C[x]) U FV(¥), so
y € |C[x] = ¢] = |C[x] — ¢]. Notice that y € x = (y = x).
And we obtain '+ y € ¢ — |C[y] — ¢]. Done.

To show the “only if” part, we apply some simple FOL
reasoning on I' v x € ¢ — |[C[x] — ¢ and conclude that
' (3x.(x A x € ¢)) > Tx.(x A [C[x] — ¢¥]). Then by the
equality ¢ = Jx.(x A x € @), we are done. [ ]

Note the conditions about the context C in Lemma [OT] are
important. Many contexts that arise in practice satisfy the
conditions. In particular, (nested) symbol contexts satisfy the
conditions automatically.

Under the above new notation and the lemma, we are ready
to prove Theorem [29]

Proof of Theorem 29 (Pre-Fixpoint). This is proved by
simply unfolding a, following its definition.

(KnasTEr-TARSKI). We give the following proof that goes
backward from conclusion to their sufficient conditions.

o(x1,.. ., xn) DU
= ag[x1,....xn] > ¥
— a - Ja.(aAla[x),...,xq] 2 ¥])
— a, o> VX da.(a A la[xi,....xq] 2 ¥])
— 3XAX, p[VX.ap/o]) = YX.ag
= (X, ¢[VX.ao/c]) = aolz1/x1 ... 2n/Xn]
= (X¢[Vi.ao/c])

— Ja.(a A lalzr,....z0] = Wlz1/x1 .. 20/ Xal))

= (X g[Viao/o)[x1,....,xn] = ¢
= ¢[Via/o] >y
= ¢[Via/o]— ¢ly/o]

Notice that the last step is by I' + ¢[y /o] — .
By the positiveness of ¢ in o (see Lemma [87)), we just need
to prove that for all ¢y,...,¢,:

[+ (VX.0)[@1s. . o]l = Yle1/x1 ... @n/xn]
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By (Key-VALUE) and definition of g, the above becomes

Frzi€pr Ao A2z, eﬁonAl»[/[Zl/xl-..Zn/xn]
= Yle1/x1...on/xnl,

which holds by assumption. Done. [ ]

What is interesting in the above proof is that we used only
(Key-VALuE) and did not use (InJEcTiviTY) and (Probpuct
DomamN). The last two axioms are used in the proof of
Theorem [30} where we need to establish an isomorphism
between models of LFP and MmL. In there, the two axioms
are needed to constrain MmL models.

APPENDIX J
PROOF OF THEOREM

We first show that the theory of products (see Definition [27)
capture precisely the product set My x M;. We denote the
theory of products as TP consisting of the three axioms
(InjecTiviTy), (KEY-VALUE), and (Propuct DoMAIN).

Lemma 92. For any signature ¥ consisting two sorts s,t and
their product sort s ® t, there exists an isomorphism

i
Ms®r ;\ MS‘ X Mt~
J

Under the above isomorphism, we adopt the following abbre-
viations for all a € Mg, b € Mg,p € My X M;:

<a’ b> = ((-7 —>S,t)M(a’ b) P(V) = (—(_)S,I)M(p’ V)
Then for all f: My — P(M;) and a C P(Ms X M;), we have

fa) = uncurry(f)(a)

Proof: By (Probuct DOMAIN), Mg, = p(Ik3Tv.(k,v)) =
Ugem, bem,{a,b). Define the (i,j)-isomorphism such that
i({a,b)) = (a,b) and j((a,b)) = (a,b). Note that i is well-
defined because of (INnJEcTIvITY). Clearly, i, j form an isomor-
phism between My, and Mg X M;.

Now we prove the two equations. They are straightforward.
Note that uncurry(f)(a) = {(a,b) | b € f(a)}(a) ={b | b €
f(a)} = f(a). Similarly, curry(a)(a) = {b | (a,b) € a} = a(a)
by definition. Done. [ ]

curry(a)(a) = a(a).

Corollary 93. For any signature Y containing sorts
S1,. . .,Sn,t and their product sorts s1®- - -® s, ®t, there exists
an isomorphism between My, g...es, ot and Mg, X- - -X Mg XM;.
And for any function f: Mg, X --- X M5, — P(M;) and sets
a C Mg XXM, XM, we have

f(ai,...,ay) = uncurry(f)(a)

curry(a)(ay, . . .,ay) = a(ay, . . .,a,)

where we abbreviate a(ay,...,a,) = a(ay)...(a,) is a com-

position of projections.

We now review the syntax and semantics of LFP, slightly
adapted to fit the best with our setting.
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Definition 94. Let (S,Z,I1) be a FOL signature. LFP extends
FOL formulas by the following additional rule:

@ = | ifeg z0) (11, s tn)

where R is an n-ary predicate variable and ¢ is positive in
R. LFP valuations also extend FOL that map every n-ary
predicate variable R to and n-ary relation p(R) € P(M")[f]
Given a FOL model M and a valuation p, LFP extends the
semantics of FOL by adding the following valuation rule for
least fixpoint formulas:

M, p kiee [lipg zel(t1s- - 5 tn),

if (p(t1),...,p(tn)) €
ﬂ{agMS, XXM, |forall g e M,,1 <i<n,

M, pla/R,d/X] eLrp ¢ implies (ay,...,a,) € a}

LFP formula ¢ is valid, denoted ki gp ¢, if M, p ELpp ¢ for all
M and p.

Proof of Theorem [30f The proof is mainly based
on the isomorphism between LFP models and MmL TI'-FP-
models. Notice that the (FuncTtion) axioms forces symbols
in all TYP-models are functions. In addition, the axiom
Vx:PredVy:Pred.x = y forces the carrier set of Pred must
be a singleton set, say, {x}.

(The “if” direction). We follow the same idea as we prove
that ML captures faithfully FOL (see [I[]), we construct
from an LFP model ({M:FP} cs, =P TILFP) a corresponding
MmL I'*"F model, denoted ({M"™ } g U{MYM}, ZMML) with
MMmL MEP. MMM = {x}, and MM defined as in
Section [[I-D| consisting of symbols that are all functions. An
LFP valuation p'P derives a corresponding MmL valuation
oMM such that pM™(x) = p'FP(x) for all LFP (element)
variables x and pM™-(R) = p“*P(R) x {x}. Our goal is to prove
that for all LFP formulas ¢, we have M LFP pLFP FLrp ¢ if and
only if pMmL(p) = {x}. Firstly, notice that as shown in [,
PMML(r) = {pFP(¢)} for all terms t. Therefore, to simplify
our notation we uniformly use p(¢) in both LFP and MmL
settings. Carry out induction on the structure of ¢. The only

additional cases (compared with FOL) are ¢ = R(ty,...,t,)
and ¢ = [fpg y, ., ¥1(t1,....tn). The first case is easy, as
shown in the following reasoning: MLFP,pLFP ER(ty,...,t,)iff

(p(11),. .., p(tn)) € PHP(R) iff (p(t1),. .., p(tn), %) € PMM(R)
iff pMML(R(z,...,1,)) = {*}. The second case when ¢ =

6This is where we are different from the classic LFP. In classic LFP,
formulas cannot contain predicate variables that occur free. And the semantics
of predicate variables, which is needed when we define the semantics of
[prR’X1 _____ x,, |» are given by an extended model M’ that takes R as an n-ary
predicate symbol and interprets it as a relation @ € M X - XMy, . Here, we
allow predicate variables to occur free in a formula, and we extend valuations
to give them semantics, instead of modifying the model. This slightly modified
presentation is obviously the same as the classic one, but fits better in our
setting and looks more similar and uniform to MmL.
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.,1y) is shown as the following reasoning:

xnw](tl’ ..

PR xy.x, W1
MFP, o P ke [Ifpg s,
iff (p(t1),. .., p(tn)) €
(Ve e MFPx- - x MFP | for all a; € M1 <i<n,
MYP )Pl /R, G/ X] eLrp ¢ implies (a, . .
iff (by induction hypothesis)
(p(11),....p(tn)) €
m{a C MM xox MP™ | for all ¢; € MY™,1 < i <n,
(pla/R,a/XYMm(y) = {*} implies (ar, ..
iff (by definition of (p[e/R,d/X])M™)
(p(t1), ..., p(tn)) €
ﬂ{cf C MI™ X MU x (k)|
for all @; € MY™,1 <i <n,

oMmL[at /R a/X](y) = {x} implies (a,..

)

.....

.,ay) € a}

.,a,) € a}

Lap,x) €at)

iff (by reasoning about sets)

(p(tl)’ e ’p(tn)) €
(W{a+ C MY X MM (k)|

U (@i san o et /RE/R1W) € o)

a,—eMQ"im'-
iff (by MmL semantics)
(o), ... p(tn)) €
W((uR: S19...85,QPred.3x; ... 3x,.{x1,. .., Xn,¥))),

and the last statement, by MmL semantics, is equivalent to
oML ([Ifpg ., ¥ 1(t1, . . ., 1n)), Done. And now we conclude
that TP £ ¢ then E rp . Otherwise, there exists an LFP
model M- and valuation p'FP such that MFP pP k o o,
and this implies that in the T'“FP-model MMM, we have
OMML(p) # {*}, meaning that T-FP g ¢

(The “only if” part). Notice the axiom Vx:PredVy:Pred.x =
y forces that Mp,; = {*} must be a singleton set, which
ensures that the above translation from an LFP model M"
to an MmL model MMM can go backward. Specifically, for
every MmL (function) symbol f € EMT.LSWX, we construct
from its interpretation fysumi: My, X -+ X M, — P (M), the
corresponding LFP function fjiee : My, X- - -XM,, — My such
that fymm(ay,...,a,) = {fypee(ai,...,a,)}. Similarly, for
every MmL (function) symbol = € T}™ . we construct
from its interpretation mymme 1 My, X+ - - XM, — {0,{%}}, the
corresponding LFP predicate my,ire C M, X - - XM, , such that
e © Mg, X X M, ={(ai,....an) | mypmi(ar, . ...an) =
{x}}. Then we carry out the same reasoning as in the “if”
part, and we are done. [ ]

AprpPENDIX K
PROOF OF THEOREM

Theorem [31] shows that our definition of modal u-logic in
MmL is faithful. We have shown a proof sketch in the main
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paper. We give the complete detailed proof in this subsection.
The main purpose is to give an example, as the proofs of the
corresponding theorems for LTL/CTL/DL have similar forms.

Lemma 95. +, ¢ implies T# + ¢.

Proof: We need to prove that all modal p-logic
proof rules are provable in matching wu-logic. Recall
that modal wp-logic contains all propositional tautologies
and (Mopus Ponens), plus the following four rules:

K) o1 = p2) = o1 = o) (N
ely /X1 - v
X.p)/X X. —_—
(1) ol(uX.0)/X] = uX.¢ W) = X ou

Notice that (K) and (N) are proved by Proposition @ and (u1)
and (up) are exactly (Pre-FixpoinT) and (KNASTER-TARSKI).
|

Lemma 96. For all S = (S, R) and all valuations V : PVar —
P(S), we have s € [[go]]?, if and only if s € V(o).

Proof: Carry out structural induction on ¢.

(Case ¢ = X). We have [[X]]?, = V(X) = V(X). Proved.
(Case 9 = 1 Aga). We have [y Ag]S = [or]S N [2]S =
V(1) A V(gz) = V(g1 A ¢2). Proved. )

(Case ¢ = =¢1). We have [=e115 = S\ [e1ly = S\V(e1) =
S\ (S\ V(=¢1)) = V(=¢1). Proved.

(Case ¢ = og;). By Proposition we have [op[5 = {s €
S | s Rt implies t € [[cpﬂ%forallt eSt={seS|sce
V(og1)} = V(og1). Proved.

(Case ¢ = uX.gi). We have [uX.¢i]y, = N{A € S |
[[QDIHE[A/X] C A} = V(uX.¢1). Proved.

Induction is finished and lemma is proved. ]

Corollary 97. T* & ¢ implies &, ¢.

Proof: Assume the opposite. Then there exist S = (S, R),

p: PVaR_— P(S), and s € S such that s ¢ [¢]j. By

Lemma s ¢ V(o). Since S £ T#, we have T* £ ¢.

Contradiction. [ |

Now we have completed the proof of Theorem [31} where

(2) = (3) is given by Lemma [95] and (5) = (6) is given
by Corollary

APPENDIX L
Proor or Proros1TioN 32

Proof of Proposition [32}  We simply apply definition.
Recall that s € og(¢) iff s R¢.

(Case “o”). 5 € p(ey) iff there exists r € p(yp) such that
s € og(t) iff there exists ¢ such that s Rt and ¢ € p(¢).

(Case “0”). s € p(ogp) iff s € p(—e—p) iff s ¢ p(e—¢) iff
(use (Case “o”)) for all ¢, t € p(—¢p) implies s ¢ og(¢) iff for all
t, s € og(t) implies t € p(y) iff for all ¢, s Rt implies ¢ € p(p).

(Case “¢”). Note that p(¢0¢p) = (1{A C S | p[A/X](pVeX) C
A} = N{A € S| p(p) U es(A) C A}. On the other hand,
{s € S| 3t e Ssuchthatt € p(¢) and s R* t} = {s € S |
dr € S,3n > Osuch thatt € p(p) and s R" ¢t} = {s € S |

Report http://hdl.handl e. net/2142/102281,

January 2019

Jn > 0 such that s € o2(o(¢))} = U,x0 *&(0(¢)). Therefore,
we just need to prove the two sets:

(= {A<S|Ae)Ues(A) C A}
© = 2@

n>0
are equal. This can be directly proved by Knaster-Tarski
theorem.
(Case “O”). Similar to (Case “¢”™).
(Case “p1 U ¢2”). As in (Case “¢”), we define two sets:

() = Aler U g2) = [ [{A S S| ple2) U (A1 N es(A)) € A}
(€)={seS|existn>0and 1,...,t, €S such that
SRiyR...Rty, and s,11,...,tn_1 € p(¢1),1n € p(¢2)}

and then use Knaster-Tarski theorem to prove them equal.
(Case “WF”). Again, we define two sets:

(1) = puX.0X) = HAC S| (S\ A) Ces(S\ A)}
(&) = {s € S| s has no infintie path}

and then use Knaster-Tarski theorem to prove them equal. M

APPENDIX M
PROOF OF THEOREM

As a review, we formally define the semantics of infinite-
trace LTL and present in Fig. 4 its sound and complete proof
system. There are different notions of semantics of infinite-
trace LTL. We here review the one that fits best in our setting.

Let us first formally define some characteristic subclasses
of transition systems.

Definition 98. A transition system S = (S, R) is:
o well-founded if for all s € S, there is no infinite path from
AN
o non-terminating, if for all s € S there is ¢+ € S such that
sRt.
o linear, if for all s € S and #;,t, € S such that s R #; and
s Rt, then t| = 1.

Definition 99. Infinite-trace LTL formulas ¢ is interpreted
over a transition system S = (S,R) that is non-terminating
and linear. We use s to denote the unique state such that
SRsiRsR...Rsy, for k > 0. When k = 0, we let 5o = 5. Given
a valuation V: PVArR — P(S), semantics of infinite-trace LTL
is inductively defined for all s € § and ¢ as follows:

o S EinfiTL X if s € V(X),

o S FinilTL @1 A @2 if S FinfitL @1 and s EiptL @23

o S FinfL @ if § Einire @3

e § EiniLtL ¢ if $1 FiniLTL 5

o s EniTL @1 U o7 if exists k > 0 such that s EinpmL 2 and

for all 0 <i < k, $; FiniLTL @1-

FinfLTL

Lemma 100. rq1. ¢ implies k.

Proof: We just need to prove that all proof rules in Fig. 4
can be proved in IMLTL,
(TauTt) and (MP). Trivial.
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(Taut) ¢, if ¢ is a propositional tautology
_)
(MP) Y1 Pl ¥2
¥2

(Ko) o(p1 = ¢2) = (o1 — o¢2)

[
No)

Y
(Ko) O(e1 = ¢2) — (Op1 — O¢2)

¢

(No) -
(Fun)  op & —(omgp)
Uy (o1 U @2) = 092
(Uy) (01 U ¢2) & (92 V(@1 Ao(p1 U ¢2)))
(Inp)  O(p — op) = (¢ — Op)

(Taut) ¢, if ¢ is a propositional tautology
—
(MP) Y1 ¢1 $2
$2
(Ko) o1 = ¢2) = (e@1 — o)
¥
No)
[
(Kn) O(¢1 — ¢2) — (Op1 — O¢2)
¥
No) o
(—0) -0 — o—p
oYy —
(colnD) R Al 2
[
(Frx) (p1 Uy 92) © (92 V (@1 A o(¢1 Uy ¢2)))

Fig. 4. Infinite-trace LTL proof system

(Ko) and (N,). By Proposition [12]

(Kg) and (Ng). Proved by applying (KNASTER-TARSKI) first,
followed by simple propositional and modal logic reasoning.

(Fun, “—"). Proved from axiom (INF) T and simple modal
logic reasoning.

(Fun, “«"). Exactly axiom (LIN).

(Uy). By (KnasTer-Tarskr) followed by propositional rea-
soning.

(Uy). By definition of ¢ U ¢; as a least fixpoint and (Fun).

(Inp). By (KNASTER-TARSKI). |

Lemma 101. s iq7 @ if and only if s € V().

Proof: We make two interesting observations. Firstly, it
suffices to prove merely the “only if”” part. The “if”” part follows
by considering the “only if” part on —¢.

Secondly, the definition of “s kjnpyL ¢” is an inductive one,
meaning that “kjqr” is the least relation that satisfies the five
conditions in Definition [9;9} To show that “s Fipg1L ¢ implies
s € V(g)”, it suffices to show that s € V(¢) satisfies the same
conditions. This is easily followed by Proposition [32}

Note how interesting that this lemma is proved by applying
Knaster-Tarski theorem in the meta-level. [ |

Corollary 102. T'"T- £ o implies ity @.

Proof: Assume the opposite and there exists a transition
system S = (S,R) that is linear and non-terminating, a
valuation V, and a state s € S such that s EpumL ¢. By
Lemma s ¢ V(¢), meaning that S ¥ ¢. Since S is non-
terminating and linear, the axioms (InF) and (Lin) hold in S,
and thus 'L ¢ o Contradiction. [ ]

Now we are ready to prove Theorem [33]

Proof of Theorem [33} Use Lemma [I00] and Corol-
lary as well as the soundness of MmL proof system and
the completeness of infinite-trace LTL proof system. ]

APPENDIX N
ProoF oF THEOREM [34]

We review the semantics of finite-trace LTL as well as its
sound and complete proof system presented in Fig. [5]

Fig. 5. Finite-trace LTL proof system

The following definition is adapted from [10] to fit best in
our setting.

Definition 103. Finite-trace LTL formulas ¢ is interpreted

over a transition system S = (S,R) that is well-founded and

linear. One can show that S = {si,...,s,} must be finite,

and the transition relation of S must be of the linear structure

st R...Rsy,. Given a valuation V: PVarR — P(S), semantics

of infinite-trace LTL is inductively defined for all s; € S and

¢ as follows:

i Erinte X if 57 € V(X);

o 8 BiinlTL @1 A @2 if i EfinitL 1 and s; EfinLtL @2;

i EfinLL 7 if 8; Eoinme @3

i FinlTL 0@ if §; = s, OF Si41 FfinlTL @5

o §; EintL @1 Uy @2 if either Sj FfinlTL ©1 for all j > i, or
there exists i < k < n such that s EqnmL @2 and for all
i <j<k,sjELTL @1

.
2

L] L]
Lr U

FfinLTL

Lemma 104. +4n7 ¢ implies F .

Proof: We just need to prove all proof rules in Fig. [5] can
be proved by axioms (Fin) and (Lin) in MmL. We skip the
ones that have shown in Lemma

(—o0). Proved by axiom (LiN).

(colnp). Use axiom (FiN) uX.oX and to prove
pX.oX — ¢ by (KNASTER-TARSKI).

(Fix). By definition of ¢; U,, ¢» as a least fixpoint. [ ]

rfinLTL E

Lemma 105. s kqq7 @ if and only if s € V().

Proof: As in Lemma[I0T] we just need to prove the “only
if” part, by showing that s € V() satisfies the five conditions
in Definition [T03] This is easily followed by Proposition 32]
The case ¢ U,, ¢, shall be proved by directly applying MmL
semantics. |

Corollary 106. T™TE £ o implies £ o,

Proof: Assume the opposite and use Lemma [T105] [ ]
Now we can prove Theorem [34]
Proof of Theorem 34} Use Lemma [[04] and Corol-
lary [106] as well as the soundness of MmL proof system and
the completeness of finite-trace LTL proof system. [ ]
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(Taut) ¢, if ¢ is a propositional tautology
—
(MP) Y1 ¢1 $2
$2
(CTLy) EX(g1V ¢2) © EXgr V EX
(CTL,) AXp < —(EX=p)
(CTL3) @1 EUga & 92 V(91 A EX(g1 EU ¢2))
(CTLy) @1 AU @2 & @2 V (91 A AX(p1 AU ¢2))
(CTLs) EXtrue A AXtrue
(CTLg) AG(p3 — (m¢2 A EXe3)) = (93 — =(¢1 AU ¢2))
(CTL7)  AG(¢3 — (m¢2 A (91 — AXg3)))
— (¢3 = =(¢1 EU ¢2))
(CTLg) AG(¢1 — ¢2) = (EX¢1 — EX¢2)

(Taut) ¢, if ¢ is a propositional tautology
(MP) L1 Y1 > P2
$2

(DL [e](er = ¢2) = ([aler — [a]e2)
(DLy)  [a](e1 A 2) « ([aler A [a]e2)
(DL3)  [aUBle « [ale A[Ble
(DLy)  [a;Ble © [a][Ble
(DLs) [ & ¥ — ¢)
(DLe) e Ala]le’]e < [a"]e
(DL7)  eAla’]e — [alp) — [a']p
(GenN) 4

la]e

Fig. 6. CTL proof system

AprpPeEnDIX O
PRrROOF OF THEOREM

We review the semantics of CTL as well as its sound and
complete proof system presented in Fig. [

Definition 107. CTL formulas are interpreted on a transition
system S = (S,R) that is non-terminating, and a valuation
V:PVar — P(S). We call an (infinite) sequence of states
$0S1 ... a path if s; R s;41 for all i > 0. CTL semantics is
defined inductively for all so € S and ¢ as follows:
e S0 FcTL X if S0 € V(X);
o S0 FcTL 91 A @2 if so EcTL 901 and so FeTL @23
o 0 FeTL ¢ if 50 EoTL @5
o 50 FcTL EXg if there exists s such that so R s, s1 EcTL ¢
o 5o FcTL AXe if for all s; such that s R s1, s1 EcTL ¢;
e 50 FcTL @1 EU @y if there exists a path sgsy... and k > 0
such that sg EctL @2, and so,...,Sk—1 FCTL @15
e 50 FcTL @1 AUy if for all paths sgs; . .. there exists k > 0
such that sg FctL @2, and so,. . .,Sk—1 FCTL @1;-

We write kgt ¢ if for all S = (S, R), all valuations p, and all
seES, s FcTL @-

Lemma 108. cr ¢ implies TCTE + .

Proof: We just need to prove all CTL rules from the
axiom (INF) in MmL. We skip the first 7 rules as they are
simple. The rest 3 rules can be proved by applying (KNASTER-
Tarsk1) and use properties in Properties ]

Lemma 109. s kcr ¢ if and only if s € V().

Proof: As in Lemma[I0I] we just need to prove the “only
if” part by showing that s € V(¢) satisfies all 7 conditions in
Definition The first 5 of them are simple. We show the
last two ones about “EU” and “AU”.

(Case EU). Assume there exists a path sgs7... and k > 0
such that s; € V(¢2) and so,...,sk_1 € V(). Our goal is to
show so € V(g1 EU ;). By semantics of MmL, V(g1 EUg)) =
V(uX.02 V(g1 AeX)) = (N{A C S| V(p2)U(V(g1)Nes(A)) C
A}. Therefore, it suffices to prove that so € A for all A C S
such that V(¢2) € A and V(@) N eg(A) C A. This is easy,
sk € V(gz) C A implies s;_; € os(sx). Also, sx_; € V(py)

Fig. 7. Dynamic logic proof system

by assumption. Then s;_; € V(¢1) N es(sx) € A. Repeat this
procedure for k times and we obtain sy € A. Done.

(Case AU). Let us denote og(A) = {s € S | forall t €
S such that s Rt,t € A} to be the “interpretation” of “all-path
next o” in S. Prove by contradiction. Assume the opposite
statement that so ¢ V(o AU @) = V(uX.0o V (@1 A 0X)) =
M{A C S| V(g2)U(V(p1)Nog(A)) C A}. This means that there
exists A C S such that V(¢,) C A and V() Nog(A) C A, and
so ¢ A. This is going to cause contradiction. Firstly by V(¢;) C
A, so ¢ V(g2), which implies that sy € V(—¢>). Secondly by
V(p1)Nog(A) C A, we know that (S\ A) C V(=) Ues(S\ A).
Since s ¢ A, we know either so € V(=) or so € og(S \ A).
If it is the first case, then we have a contradiction as any
path starting from sy contradicts with the condition. If it is
the second case, then there exists a state, say s;, such that
so Rs1 and s1 ¢ A, which also implies s; ¢ V(¢;). Repeat this
process and obtain a sequence of state sos7 . . . . If the sequence
is finite, say sos1 . . . 5, then by construction so, . . .,s, ¢ V(¢2)
and s, € V(—¢1), which is a contradiction to the condition. If
the sequence is infinite, then by construction sgs; ... satisfies
that sg,s1,¢ V(p,), which also contradicts to the condition.
Done. |

Corollary 110. T¢™ £ ¢ implies Ecry .

Proof: Use Lemma [109] and prove by contradiction. Note
that it is easy to verify that S £ TC™ if S is non-terminating.
|

Now we are ready to prove Theorem [35]
Proof of Theorem [33] Use Lemma [I08] and Corol-
lary [TI0] as well as soundness of MmL and completeness of
CTL. ]

APPENDIX P
ProOF OF THEOREM [36]

We review the semantics of DL as well as its sound and
complete proof system presented in Fig.

Definition 111. Let S = (S, {R4 }acapreu) be an APGm-labeled
transition system where R, € S X § is the transition relation
for atomic program a. Let V: PVar — P(S) be a valuation.
DL semantics is inductively defined as follows where state
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formulas are evaluated to subsets of S and program formulas
are evaluated to relations of S:

o [pI5 = V(p):

o« [e1 A @l = [@ly N [e2ys
[=¢]5 = S\ [el;
[[[a/]go]]?, = {s € § | forallt € S such that (s,f) €
[l we have 1 € [¢]5};
o [a] = R, for a € APawm;
[a1; @]} =[]y o [ea];
o e Uy, =[5 U [eallys
[[a*ﬂz = ([e]5)
o [@75 = {(s,9) | s €[]}
where “Rj o Ry” is the composition of two relations Ry, R, de-
fined as R; o Ry = {(sy,s3) | there exists s such that (s1,s7) €
Ry and (s2,53) € Ry}. We write kp_ ¢ if [[90]]?/ =S forall S
and V.

Lemma 112. rp; ¢ implies TP- + .

Proof: We just need to prove that all proof rules in Fig.
can be proved in T'°. First of all, rules (DL3) to (DLg) follow
from (syntactic sugar) definitions. Rules (Taut) and (MP) are
trivial, We only prove (DL;), (DL,), (DL7), and (GEN).

Notice that [a]e is defined a syntactic sugar based on the
structure of @. Therefore, we carry out structure induction on
a. We should be careful to prevent circular reasoning. Our
proving strategy is to prove (Gen) first, and then prove (DL)
and (DL,) simultaneously, and finally prove (DL7).

(GeN). Carry out induction on @. All cases are trivial. Notice
the case when « = * is proved by proving I'° + ¢ — [a*]¢
using (K~asTer-TArskI). After simplification, the goal be-
comes I'P + ¢ — [B]e. This is proved by applying induction
hypothesis, which shows I'°t + [3]¢.

(DL;) and (DL,). We prove both rules simultaneously by
induction on a. We discuss only interesting cases and skip
the trivial ones. (DL, @ = B ; B,) is proved from induction
hypothesis, by applying (Gen) on [B;]. (DL, @ = 8%) is proved
by applying (KNaAsTER-TARskI), following by applying (DL,
“—>”) on [B]. (DL,, @ = B, “—”) is proved by (KNASTER-
Tarski). (DL, @ = 8%, “«") is proved by (KNASTER-TARSKI),
followed by (DL;) on [B].

(DLy) is proved directly by (KNasTER-TARSKI), followed by
(DL,, “«<=”) on [a].

|

We now connect the semantics of DL with the semantics
of MmL. First of all, we show that the transition system S =
(S,{R4}acapon) can be regarded as a ¥'"S-model, where S is
the carrier set of State and APom (the set of atomic programs)
is the carrier set of Pgm. The “one-path next ® € Xpg; s1are, State
is interpreted according to DL semantics for all ¢+ € § and
a € APam:

os(a,t) ={s €S| (st) € R,}.

In addition, valuation V: PVArR — P(S) can be regarded as
a matching p-logic valuation (where we safely ignore the
valuations of element variables because they do not appear
in DL syntax).
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Lemma 113. Under the above notations, [¢]3, = V().

Proof: As in Lemma [I01} we just need to prove that
[¢]5 < V(p) by showing that V(¢) satisfies the conditions in
Deﬁnition The only interesting case is to show V([a]y) =
{s € S| forallt € S,(s,r) € [o]} impliest € V(g)}.
We prove it by carrying out structural induction on the DL
program formula @. The case when @ = a for a € APgm
is easy. The cases when @ = 1 ; 52, @ = B1 U B, and
a = y? follows directly by basic analysis about sets and
using definition of the semantics of DL program formulas.
The interesting case is when o = 8*. In this case we should
prove V([B*le) = V(vX.o A [BIX) = U{A | A € V()N
VIA/XI([B1X)} = U{A | A € V(p)n{s | for all ¢,(s,1) €
H,B]]?, implies ¢ € S}} u {s | for all t,(s,t) € [[,B*]]E implies ¢ €
V(¢)} We denote the left-hand side of «ln ag (n) and the
right-hand side as (£).

To prove () = (£), we prove containment from both
directions.

(Case () C (&)). This is proved by considering an s € (1)
and show s € (£). By construction of (7), there exists A C S
such that A € V(¢) N {s | for all #,(s,¢) € [B]} implies t €
A}, and that s € A. In order to prove s € (£), we assume
t € S such that (s,7) € ([B]})" and try to prove ¢ € V(¢). By
definition, there exists £ > 0 and sq,...,sx such that s = s,
t = sk, and (s;,8:41) € [B5 for all 0 < i < k. By induction
and the property of A, and that so € A, we can prove that
50,515 .., 5k € V(p), and thus ¢ € V(¢). Done.

(Case (¢) C (n)). Notice that the set n is defined as a
greatest fixpoint, so it suffices to show that (&) satisfies the
condition, i.e., to prove that (£) C V(¢) N {s | for all ¢,(s,t) €
[B]; implies t € (£)}. This can be easily proved by the
definition of (£). Done. [ |

Corollary 114. TPt £ ¢ implies £p, .

Proof: Use Lemma 113} and for the sake of contradiction,
assume the opposite. Suppose there exists S = (S, {R }qeaPom)
and a valuation V and a state s such that s ¢ [¢]5. We then
know s ¢ V(g), which implies that S ¥ ¢. Obviously S £ I'P-
as the theory I'°" contains no addition axioms. This means
that TPt £ . [

We are ready to prove Theorem [36]

Proof of Theorem [36} Use Lemma [[12] and Corol-
lary [TT4] as well as soundness of MmL and completeness of
DL. |
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APPENDIX Q
PrOOF OF THEOREM

As a review, we use the following notations:

“one-path next” e, where o € Zcyp, e
OSD = —|.—|(,0
Op=uX.pVeX

Op =vX.p AoX

WF = uX.oX

owp =vX.pVeX

“all-path next”
“eventually”
“always”

“well-founded”

“weak eventually”

Proposition 115. The following propositions hold:
1) el & L
2) Fe(p1 V) o epVep
3) Fe(Ix.p) & dx.ep
4) toT & T
5) Fo(pr Aga) & opr Aops
6) + o(Vx.¢) < Vx.op
7)) Fo— 0pand - eOp — Op
8) FOp — ¢ and + Op — o0y
9) o> Owp and + €0y, — Oy
10) T' v o1 — ¢ implies T’ F %1 — *@y where % €
{.’ O?O’ O, <>W}
FOL & L
FO(@1 V @2) © Op1 V O
F O(3x.@) & Ax.0p
FOT & T
FO(p1 A ¢2) © Ogr A Ogy
FOVx.@) & Vx.O¢p
FOp & —|Q—|(p
Fopr Aepy — o(p1 A g2)
Fo(pr — @) Aep — ep)
Fowp « (WF — 0p)
FOow(@1 V @2) © w1 V O
F Ow(3x.90) & Tx.0np
F % % @ & k@ where x € {0,0,0,,}
F WF < uX.okX when k > 1
FWF & puX.ooX
FOP1 A Owpz — Owler A ¢2)
FO(p1 = ¢2) A1 — @2

11
12)
13)
14)
15)
16)
17)
18)
19)
20)
21)
22)
23)
24)
25)
26)
27)

Proof: We prove them in order.

(1-3) follows from (ProraGaTiON), and (FRAMING).

(4-6) are proved from (1-3) and that op = —e—g.

(7) is proved by (PrE-FixpoINT) that - ¢ V e0p — 0¢.

(8) is proved by (PrE-FrxpoINT) that - Op — ¢ A eO.

(9) is proved by (KNASTER-TARSKI) that F ¢V 0,0 — 0y, ¢0.

(10, when x is e) is exactly (FRAMING).

(10, when * is o) is exactly Proposition [I2]

(10, when x is ¢) requires us to prove I' 0@ — ¢¢o. By
(KnasTER-TARSKI), it suffices to prove I' - ¢ V 0@y — O¢o,
which is proved by (7).

(10, when % is O) requires us to prove I'  O¢; — Og,. By
(KnasTER-TARSKI), it suffices to prove I' + Ogp; — ¢ A 0o,
which is proved by (8).
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(10, when x is ¢,,) requires us to prove I' F ¢,,¢01 — O @2.
By (KnasTerR-TARSKI), it suffices to prove I' + ¢, 01 — @1 V
00,2, which is proved by (PRE-FIxPOINT).

(11, “=7) is proved by (KNASTER-TARSKI).

(11,%«") is trivial.

(12, “—=”) is proved by (KnasTER-TARSKI), followed by (2)
to propagate “e” through “v”, and finished with (7).

(12, “<=") is prove by (10, when x is ¢).

(13, “—”) is proved by (KNasTER-TARsKI), followed by (3)
to propagate “e” through “3”, and finished with (7).

(13, “«<=") is proved by (10, when % is ¢).

(14-16) are proved similar to (11-13).

(17, both directions) are proved by (K~NasTer-Tarski) fol-
lowed by (Pre-FixpoiNT).

(18) is proved by op = —e—¢p and (PROPAGATION).

(19) is proved by (18) followed by (10).

(20, “—7) is proved by proving + WF — (0pwp — 0¢),
which is proved by (Knaster-Tarski) followed by (19).

(20, “«=") is proved by (KnasTEr-TARskI), followed by (2)
to propagate “e” through “v”. After some additional proposi-
tional reasoning, we obtain two proof goals: F ¢ — ¢ V e0¢
and - oWF — WF. The former is proved by (KNASTER-TARSKT)
and the latter is exactly (PRE-FIXPOINT).

(21, “=7) is proved by applying (20) everywhere followed
by (12).

(21, “«7) is proved by (10, when * is ¢y,).

(22, “—>”) is proved by applying (20) everywhere followed
by (13).

(22, “«<=") is proved by (10, when % is ¢y,).

(23, when % is ¢, “—”) is proved by (KNASTER-TARSKI)
followed by (7).

(23, when x is ¢, “«<=”) is proved by (7) and (10).

(23, when % is O, “—”) is proved by (8) and (10).

(23, when % is O, “«<") is proved by (KNASTER-TARSKI)
followed by (8).

(23, when % is ¢, “—”) is proved by applying (KNASTER-
Tarski) first. Then we need to prove F 0y, 04,0 — @V 00,,0,,¢.
By (Pre-FixpoINT), we know F 0,,0,,0 — 0y V 00,0, 0.
Thus, it suffices to prove + ¢,V 00,00 — @V 00,,0,,¢0. By
propositional reasoning, we just need to prove F ¢, — ¢ V
00, 0n . By (KNASTER-TARSKI), we know  O,,¢0 — @V e, ¢,
so it suffices to prove + ¢ V 00,0 — ¢ V 00,,0,,¢. Again by
propositional reasoning, it suffices to prove + 4,0 — ¢ V
00,0,y ¢, which can be proved by proving + ¢¢,,0 — 0,0, ¢,
which is finally proved by (9) and (10).

(23, when x is ¢,,, “«") is proved by (9) and (10).

Note it is sufficient to prove (24) only for the case k = 1.

(24, “—”) is proved by applying (K~NasTter-TARskI) and
(Pre-FixpoinT) first. Then we need to prove + pX.ooX —
ouX.ooX. Apply (KnasTter-TARskI) again, and finished by
(PrRE-FIXPOINT).

(24, “«<=") is proved by applying (KNasTER-TARsKI) followed
by (Pre-FixpoinT).

(25, “—=") is proved by applying (KNasTER-TARsKI) followed
by (Pre-FixpoinT). Then we obtain + uX.o0X — OuX.ooX.
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Axiom:
p=>¢ €A
Arco=¢
Reflexivity:
Arpp=¢
Transitivity:
Arcpr=> ¢ AUCE @ = ¢3
Atrc o1 = ¢3
Logic Framing:
Arc ¢ = ¢ is a FOL formula
Arc oAy =@ Ny
Consequence:
M e ¢ — ¢l Arc ol = ¢ Mdgl:cpé—upz

Atc g1 = ¢

Case Analysis:
Arcpi=> 9 Arcpp> g

Arc o1V = ¢
Abstraction:
Arco=¢ XNFV(Q)=0

Atrc EIX.(p = (p'
Circularity:
Abcujpmpt ¢ = ¢
Arc o= ¢’

Fig. 8. Reachability logic proof system

Apply (KNASTER-TARSKI) on O, and we obtain + uX.ooX —
odOuX.ooX, finished by (PrRE-FixpoInT).

(25, “«=") is proved by (8), (10), and then apply Lemma [85]

(26) is proved by applying (KNASTER-TARsKI) firstly. After
propositional reasoning, we obtain two goals: + O Ady @2 —
@1V e(Op1 AOwez) and F 01 Adwpz — @2V e(0p1 Ay ¢2).
The first goal is easily proved by (8). The second goal is by
unfolding “¢,,¢>” and “O¢,”, and then use (18).

(27) is proved by (8). [ |
Lemma 116. A Fc ¢; = ¢, implies TRt + RL2MmL(A +¢
1= ¢2).

Proof: We need to prove that all reachability logic proof
rules in Fig. [8] are provable in matching u-logic.

(Axiom). We prove for the case when C # (. The case
when C = 0 is the same. Our goal, after translation, is -
VEAAVYEC — (@1 — *0,,¢2). By assumption, ¢; = ¢, € A,
and thus we just need to prove 't + V(¢ — 0,02) —
(¢1 — ®0y2), which is trivial by FOL reasoning.

(ReFLEXTVITY). Notice that C = 0 in this rule. Our goal,
after translation, is I'™*  VEIA — (¢ — 0,¢), which is true
by Proposition [TT5]

(TranstTIVITY, C = (). Our goal, after translation, is
I v VEA — (¢ — 0Owe3). Our two assumptions are
I+ VEA — (01 = Oweo) and TRE + VEA — (g —
Ow3). From the latter assumption and Proposition we
have TR + VEIA — (Owgz — OwOwes), and then by
propositional reasoning and the former assumption we have
IRl VEA — (91 — 04 Owe3). Finally, by Proposition [115]
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we have Tt F VEIA — (@1 — 0,,¢3), which is what we want
to prove.

(TransiTiviTY, C # 0). Our goal, after translation, is
I'RL + VEA A VomIC — (¢ — #0,,¢3). Our two assumptions
are TR + VEA A Yo@C — (¢ — 0,¢) and TRE
VEA AVEC — (¢2 — Owe3). From the first assumption, we
have TRt VEA A VoIC A ¢ — VEA A VoEC A 0,0, and
thus by propositional reasoning, it suffices to prove that IRt -
VEOAAVoEC Aed,,¢0r — 6, ¢3. From the second assumption
and Proposition 10), we know that TRt - 0, (VA A
VEIC A ¢3) — ©0,,0,,¢3, which by Proposition [TI15(23), im-
plies TR + @0, (VEIAAVEC A @2) — 0,,¢3. Then, it suffices
to prove I't - VEAAVOEIC A0, 0 — 00, (VEHAAVECAP,).
The rest is easy, since by Proposition [TT5{8), we just need to
prove IRt + VoA AVoEIC A 00,97 — 00, (VEIAAYEC A ),
which then by Proposition [I15(18) becomes TR - o(VEIA A
VEC A Owgr) — 00, (VEHA A VEC A ¢7), and then by
Proposition [I15(10) becomes TR + VEIA A VEIC A 0,92 —
0w (YEAAVEC Ags), which is proved by Proposition [I15]26).

(Locic FramInG). We prove for the case when C # (. The
case when C = 0 is the same. Our goal, after translation,
is TPL + VA A YoIC — (@1 Ay — o0, (02 A ¥)). Our
assumption is TR + VEA A Yo C — (¢ — 0,,¢2). Notice
that FOL formula ¢ is a predicate pattern, so + 0, (o2 A
) < (00,,¢02) A, and the rest is by propositional reasoning.
The condition that ¢ is a FOL formula (and thus a predicate
pattern) is crucial to propagate ¢ throughout its context.

(ConseQueNce). This is the only rule where axioms in A
is actually used. Again, we prove for the case C # @ as the
case when C = 0 is the same. Our goal, after translation, is
IRl - VEA AVoEC — (¢ — 00,,¢2). Our three assumptions
include Mk 1 — @], M £ @) — ¢, and TP+ VEA A
YoC — (¢} — @0,,¢}). Notice that by definition of ', we
know immediately that ¢; — ¢| € 'Rt and 0, — ¢ € R
The rest of the proof is simply by Proposition [TT5(10) and
some propositional reasoning.

(Caske AnaLysis). Simply by some propositional reasoning.

(ABsTRACTION). Simply by some FOL reasoning. Notice that
VEA and VEC are closed patterns.

(CircuLariTY). We prove for the case when C # 0, as the
case when C = 0 is the same. Our goal, after translation, is
IR+ VEIAAVoEC — (p; — ©0,,¢2). By FOL reasoning and
Proposition 20,2,25), the goal becomes I't + uX.ooX —
VEA AVoC — Y(¢; — ©0,,¢2). By (KNasTER-TARSKI) and
some FOL reasoning, it suffices to prove 't r oo(VEA A
YorIC — Y(p1 — ¢0,¢2)) AVEAAVOEC — (¢ — 00,,¢2).
Our assumption, after translation, is R+ VEA A YormC A
Yo(p; — o0, @2) — (1 — 0, ¢0), so it suffices to prove
ILon(VEA A YoRC — V(p; — €0,,¢2)) A VEA A VoI C —
VEAAYoEHC AVo(p; — e0,,¢), which by some propositional
reasoning becomes I'ft F oO(VEA A VomC — V(¢ —
00, ¢2)) A VEA A YoC — Vo(p; — e0,,¢2). By Proposi-
tion 8), it becomes TRt + oO(YEA A Vo C — V(g —
©0,,02)) A oVEHA A oVo[IC — Vo(p; — e0,¢2), and by
Proposition [115(5,6,10), it becomes TR + O(VEA A VoIC —
V(g1 — 0w ¢2)) A VA A YoIC — Y(p; — #0,,¢2), which
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is proved by Proposition [TT5[27). [ |
Corollary 117. S g @1 = 5 implies TR + RL2MmL(S
@1 = ¢2).

Proof: Let A= S and C = 0 in Lemma [T16] [ |

Lemma 118. TRt £ RL2MmL(S +g ¢ = o) implies S EgL
Y1 = ¢2.

Proof: Let S = (Mgg,R) be the transition system that is
yielded by S. We tactically use the same letter S to mean the
extended ¥Rt-model M9 with e € Sy, cf, be interested as
the transition relation R. Then S £ 'R, because all axioms
in 'R are about only the configuration model M9 and says
nothing about the transition relation R. Since M9 £ I (by
definition), then S £ T'°9. By condition of the lemma, S E
RL2MmL(S Fg ¢1 = ¢2), ie., S EVAS — ¢1 — Oywen.
By construction of S, for all rules ¥ = ¥, € S, we have
S E Y| — e, (in MmL), which implies S £ VO — Owi2),
meaning that S £ VE@S. Therefore, S £ ¢; — 0,,¢> (in MmL),
which is exactly the same meaning as S kg ¢1 = ¢ (in RL).

|
Finally, we are ready to prove Theorem [39]

Proof of Theorem 39} Following the same roadmap as
in the proof of Theorem @], where (2) = (3) is given by
Corollary [TT7)and (5) = (6) is given by Lemma[TT8] The rest
is by the sound and (relative) completeness of RL. Notice that
technical assumptions of [2]] are needed for the completeness
result of RL. ]
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